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High-level description
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High-level description

Lro | Ly | Lt [ _ArL | AZ.
Ly | Lor 2= Apz | Apr
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High-level description

Ly LY, = Arp I
LprLLi, = ApL | LerLEy + LerLEg = Apr
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High-level description

Partitioned Matrix Expression (PME):

Lrr =T(Arr) I
Lpr = AprLy; | Lpr =T(Apr — LrLE)

Paolo Bientinesi | HPMC



High-level description

Operations:

1) Ly, = CHOL |
2) Lpr, = TRSM | 3) Lsr = CHOL(SYRK)
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High-level description

Dependencies:

Lrr =T(ArL) I
Lpr = ABLL';Z | Lpr = F(ABR — LBLLEL)
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Algorithm #1

Iteration i: completed

DONE
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Algorithm #1

State of the matrix:

( Ly = CHOL | )
Final state:
Ly, = CHOL |
Lpr, =TRSM | Lgr = CHOL(SYRK)
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Algorithm #1

Iteration i: completed

DONE
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Algorithm #1

Iteration i+1: repartitioning. Blocked vs. unblocked!
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Algorithm #1

Iteration i+1: computation
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Algorithm #1

Iteration i+1: completed (boundary shift)

Paolo Bientinesi

HPMC

DONE




A Different Algorithm?
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Algorithm #2

Iteration i: completed

DONE

DONE
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Algorithm #2

State of the matrix:

Ly, = CHOL |
Lpr = TRSM |
Final State:
Ly, = CHOL |
Lpr, = TRSM | Lpr = CHOL(SYRK)
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Algorithm #2

Iteration i+1: repartitioning
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Algorithm #2

Iteration i+1: computation
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Algorithm #2

Iteration i+1: completed (boundary shift)
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DONE

DONE




Yet Another Algorithm!
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Algorithm #3

State of the matrix:

Ly = CHOL |
Lpr, =TRSM | Lpr = SYRK

Final state:

Ly, = CHOL |
Lpr =TRSM | Lpr = CHOL(SYRK)
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Algorithm #3

Iteration i: completed

DONE

PARTIALLY
COMPUTED

DONE
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Algorithm #3

Iteration i+1: repartitioning
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Algorithm #3

Iteration i+1: computation
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Algorithm #3

Iteration i+1: completed (boundary shift)
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DONE

DONE

PARTIALLY
COMPUTED




Algorithms

Algorithm: A := CHOL_UNB(A)

Algorithm: A := CHOL_BLK(A)
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o ATL| * )
Partition A —
(ABL ABR

where Arp is0x0
while m(ArL) < m(A) do

Repartition
A(]() * *
ATL * = T
Y Y ajg o]
. Ao | a21 | A22

where aj1is1x1

Variant 1:
T ._ ,T -T
afy = aiy TRIL(Ago)

a1 = 4/a1 —afyawe

Variant 2:

a11 = y/a11 —alyaio

a21 := (a21 — Az0a10) /011

Variant 3:

aiy = /o11

ag1 := ag1/011

Azg = A22 — TRIL(aglagl)

Continue with

Aogol| * *
A
(LLIL)(_ o7 o | =
ApL|ABR Zao

az1 | A2z

endwhile
| HPMC

", ATL| * )
Partition A —
(ABL ABR

where App is0x0
while m(ArL) < m(A) do

Determine block size b

Repartition

Aoo * *
A
BLIABR Azo | A21 | A22

where Ai; isbxb

Variant 1:
A10 = Am TRIL(Aog)fT
A11 = F(An — TRIL(AloATO))

Variant 2:

Ay :=T(A11 — TRIL(A10ATy))

Azl = (A21 - AzoA{o) TRIL(A11)7T
Variant 3:

A1 :=T(A1n1)

Aoy := Ag1 TRIL(A11)~T

Azz = A22 - TRIL(AQlAgl)

Continue with

Ago| * *
(j:TL ::TE) — | Ao [A1] *
BL<BR Azo | A21 | A22

endwhile




Algorithm Progression

Iteration i: completed

Paolo Bientinesi | HPMC



Algorithm Progression

Iteration i+1: repartitioning
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Algorithm Progression

Iteration i+1: computation
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Algorithm Progression

Iteration i+1: completed (boundary shift)
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Algorithm Progression

Iteration i+2: repartitioning
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Algorithm Progression

Iteration i+2: computation
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Algorithm Progression

Iteration i+2: complete (boundary shift)
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Traditional code

|
e C, triple loop, unblocked.
for ( j = 0; j < m; j++ )
{
Alj,3]1 = sqrtC AL[j,3] );

for (i = j+1; i < n; i++ )
Ali,j]1 = Ali,j1 / ALG,31;

for ( k = j+1; k < n; k++ )

for (i =k; i < n; i++ )
Ali,k] = A[i,k] - A[i,j] * Alk,jl;
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Traditional code

e Matlab, blocked.

for j = 1:nb:n,

r
b = min( n-j+1, nb );

]

A(j:j+b-1, j:j+b-1) Chol( A(j:j+b-1, j:j+b-1) );
A(j+b:n, j:jtb-1) = A(j+b:n, j:j+b-1)/A(j:j+b-1, j:j+b-1)’;
A(j+b:n, j+b:n ) = A(j+b:n, j+b:n) -

tril(A(j+b:n, j:j+b-1)) A(j+b:n, j:j+b-1)’;
end
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Traditional code: LAPACK, blocked

SUBROUTINE DPOTRF( UPLO, N, A, LDA, INFO )

[..]

*

©® &

© &

20
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DO 20 J = 1, N, NB

JB = MIN( NB, N-J+1 )
CALL DSYRK( ’Lower’, ’No transpose’, JB, J-1, -ONE,
ACJ, 1), LDA, ONE, AC J, J ), LDA )
CALL DPOTF2( ’Lower’, JB, A( J, J ), LDA, INFO )
IF( INFO.NE.O )
GO TO 30
IF( J+JB.LE.N-1 ) THEN

CALL DGEMM( ’No transpose’, ’Transpose’, N-J-JB+1, JB,
J-1, -ONE, A( J+JB, 1 ), LDA, AC J, 1),
LDA, ONE, A( J+JB, J ), LDA )
CALL DTRSM( ’Right’, ’Lower’, ’Transpose’, ’Non-unit’,
N-J-JB+1, JB, ONE, AC J, J ), LDA,
AC J+JB, J ), LDA )
END IF

CONTINUE
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FLAME notation & code

Partiti function [ A_out ] = Chol_blk( A, nb_alg )
artltlonA [ ATL, ATR, ...
A — L x ABL, ABR ] = FLA_Part_2x2( A, ...
ABLIABR 0, 0, PFLATL’ );
where Ay is0O X 0 while ( size( ATL, 1 ) < size( A, 1) )
While m(Aqyp) < m(A) do b = min( size( ABR, 1 ), nb_alg );
Repartition [ A00, AO1, AO2, .
A sl A10, A1, A12, ...
App| * 00 A20, A21, A22 ] = FLA_Repart_2x2_to_3x3( ATL, ATR, ...
Y Y —| Awo]A1] * ABL, ABR, ...
BLIAB ;
R Aso A2 |4z ) b, b, ’FLABR );
where Aj;isb x b % %
A11 = Chol unb( A1l );
Aqp :=T(A11) A21 = A21 / tril( A1l )?;
Agq = Agq TRIL(AH)’T A22 = A22 - tril( A21 * A21° );
YA 3
Agg i= Agg — TRIL(Aa1 AT
22 22 (A2142,) [ ATL, ATR, ...
Continue with ABL, ABR ] = FLA_Cont_with_3x3_to_2x2( A00, AO1, A02, ...
A A10, Al1, A12, ...
Arr * 001 * x 420, A21, A22, ...
Apr|ABR | AwolAn] end SFLA_TL’ );
Agp|A21|A22 Aout = [ ATL, ATR
endwhile ABL, ABR 1;
return
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FLAME notation & code

" function [ A_out ] = Chol_blk( A, nb_alg )
Partition

A [ ATL, ATR, ...
A — [ —=LL x ABL, ABR ] = FLA_Part_2x2( A, ...
AprL|ABR 0, 0, *FLA_TL’ );
where A7y is0 X 0 while ( size( ATL, 1) < size( A, 1) )

While m(Aqr) < m(A)do b = min( size( ABR, 1 ), nb_alg );

Repartition [ A00, AO1, AO2, .
A el A10, A1, A12, ...
App| * 00 A20, A21, A22 ] = FLA_Repart_2x2_to_3x3( ATL, ATR, ...
Y Y = | Aio]A11]| * ABL, ABR, ...
BLI<“BR Aso A2 |4z b, b, FLABR’ );
where Aj;isb x b % %
A11 = Chol unb( A1l );
Aqp :=T(A11) A21 = A21 / tril( A1l )?;
Ay i= Aoy TRIL(A11)~T ./A22 = A22 - tril( A21 * A210 ); .
Agg i= Agg — TRIL(Aa1 AT : g
22 22 (A2142,) [ ATL, ATR, ...

Continue with ABL, ABR ] = FLA_Cont_with_3x3_to_2x2( A00, AO1, A02, ...
A10, Al1, A12, ...

Arr * Aoo| * x 420, A21, A22, ...
| A10|A11] * a SFLA_TL? );
AprLlABR B
Agp|A21|A22 A_out = [ ATL, ATR

endwhile ABL, ABR 1;
return
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FLAME notation & code

function [ A_out ] = Chol_blk( A, nb_alg )

PartmonA E [y (55 oo

A — L x ABL, ABR ] = FLA_Part_2x2( A, ...
AprLlABR 0, 0, 'FLA_TL’ );
where Ay is0O X 0 while ( size( ATL, 1 ) < size( A, 1) )

While m(Arz) < m(A) do b = min( size( ABR, 1 ), nb_alg );
Repartition [ A00, AO1, AO2, .
A10, A11, A12, ...

Arpl * Agol] * | * A20, A21, A22 ] = FLA_Repart_2x2_to_3x3( ATL, ATR, ...
Y ) —| Aro]Ai]| * ABL, ABR, ...
AprLlABR Aol 221422 b, b, 'FLA_BR’ );

where Aj;isb X b
A11 = Chol unb( A1l );

=T (A11) A21 = A21 / tril( A1l )’
A22 = A22 - tril( A21 * A21° );

%

A1
Agq := Agq TRIL(A11)~ T
Asg := Ago — TRIL(A21 AZ))

[ ATL, ATR, ...
Continue with ABL, ABR ] = FLA_Cont_with_3x3_to_2x2( A00, AO1, A02, ...
A A1« A10, At1, A12, ...
Arr * oy 420, A21, A22, ...
| A10|A11] * il SFLA_TL? );
AprLlABR e
Azo|Az1 | A2z Aout = [ ATL, ATR
endwhile ABL, ABR 1;
return
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FLAME notation & code

function [ A_out ] = Chol_blk( A, nb_alg )

PartmonA E [y (55 oo

A — L x ABL, ABR ] = FLA_Part_2x2( A, ...
AprLlABR 0, 0, 'FLA_TL’ );
where Ay is0O X 0 while ( size( ATL, 1 ) < size( A, 1) )

b = min( size( ABR, 1 ), nb_alg );

While m (A7) < m(A) do
[ A00, AO1, A02, .

Repartition
A el - A10, Al1, A12, ...
App| * 00 A20, A21, A22 ] = FLA_Repart_2x2_to_3x3( ATL, ATR, ...
Y Y = | Aio]A11]| * ABL, ABR, ...
B\ As0l 421 A2 ) b, b, "FLABR );
where Aj;isb x b % %
A11 = Chol unb( A1l );
Aqp :=T(A11) A21 = A21 / tril( A1l )?;
Agq i= Aoy TRIL(AH)’T A22 = A22 - tril( A21 * A21° );
A T % %
Agg := Ago — TRIL(A21Aj5;) T
conﬁnue with ABL, ABR ] = FLA_Cont_with_3x3_to_2x2( A00, AO1, A02, ...
A A10, Al1, A12, ...
Arp, * AOO A* : 420, A21, A22, ...
Aprl|ABR < EE— end ’FLA_TL’ );
Agp|A21]A22 Aout = [ ATL, ATR
endwhile ABL, ABR 1;
return
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FLAME notation & code

function [ A_out ] = Chol_blk( A, nb_alg )

PartmonA E [y (55 oo

A — L x ABL, ABR ] = FLA_Part_2x2( A, ...
AprLlABR 0, 0, 'FLA_TL’ );
where Ay is0O X 0 while ( size( ATL, 1 ) < size( A, 1) )

While m(Aqy) < m(A)do b = min( size( ABR, 1 ), nb_alg );
[ A00, AO1, A02, .

Repartition
A10, A11, A12, ...

App| * Aoo] * | A20, A21, A22 ] = FLA_Repart_2x2_to_3x3( ATL, ATR, ...

Y Y = | Aio]A11]| * ABL, ABR, ...
BLlAB .
R Ago]A21|A22 b, b, FLA_BR’ );

where Aj;isb X b

[ ATL, ATR, ...
Continue with ABL, ABR ] = FLA_Cont_with_3x3_to_2x2( A00, AO1, A02, ...
A A1« A10, Al1, A12, ...
Arr * oy 420, A21, A22, ...
—| AiolA11] * il SFLA_TL? );
AprLlABR e
Agp|A21|A22 Aout = [ ATL, ATR
endwhile ABL, ABR 1;
return
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