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The Linear Algebra Mapping Problem

• How to compute the following expressions?

b := (XTX)−1XTy

b := (XTM−1X)−1XTM−1y

x := W(AT(AWAT)−1b− c)

x :=
(
A−TBTBA−1 + RT [Λ(Rz)]R

)−1
A−TBTBA−1y

• High-level languages are easy to use, but performance is usually suboptimal.
• BLAS and LAPACK can be fast, but require a lot of expertise.

BLAS [DDC+90], LAPACK [AB+99]
• y← Ax+ y

• C← AB+ C

• B← A−1B

• . . .
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The Matrix Chain Problem

x := A B c

(AB)c O(n3) A(Bc) O(n2)

• Find optimal parenthesization of A1A2 · · ·Ak.
• Dynamic programming O(k3) algorithm [CRL90].
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The Generalized Matrix Chain Problem

ATBC−1D

• Unary operators: Transposition, inversion (⇒ linear systems).
• Matrix properties: Upper/lower triangular, symmetric, SPD, diagonal,…
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The Matrix Chain Algorithm
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The Generalized Matrix Chain Algorithm

Binary + Unary Operations = Extended Set of Binary Operations
• Multiplication with transposition: ABT , ATB, ATBT .
• Linear system: AB−1, A−1B.
• Linear system with transposition: ATB−1, AB−T , …
• Special case: A−1B−1.
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The Generalized Matrix Chain Algorithm

Example: ATBC−1D A is lower triangular.
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The Generalized Matrix Chain Algorithm

Inference of Properties

A−1 · BT
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B
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Experimental Results

• 100 randomly generated chains.
• 3 to 10 operands.
• We generate Julia code using BLAS/LAPACK wrappers
• We compare against
– Julia
– Matlab
– Armadillo
– Eigen
– Blaze
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Experimental Results

Naive
q 4 BMpU�V " * BMpU.^V 1 6

Recommended
q 4 U�$"V * U.^$1V 6

Generated
i`bK5U^G^- ^l^- ^h^- ^L^- RXy- KHj- KH9V
KHe 4 �``�v&6HQ�ie9'URkyy- 3yyV
;2KK5U^L^- ^L^- RXy- KHk- KH9- yXy- KHeV
KHd 4 �``�v&6HQ�ie9'UR8yy- 3yyV
;2KK5U^L^- ^L^- RXy- KHR- KHe- yXy- KHdV
TQbp5U^G^- KHy- KHdV
KH3 4 �``�v&6HQ�ie9'UR8yy- RyyyV
;2KK5U^L^- ^L^- RXy- KHd- KH8- yXy- KH3V
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Experimental Results
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100
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