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Introduction

• How to compute the following expressions?

b := (XTM−1X)−1XTM−1y

x := W(AT(AWAT)−1b− c)

x :=
(
A−TBTBA−1 + RT [Λ(Rz)]R

)−1
A−TBTBA−1y

Xk+1 := S(STAS)−1ST + (In − S(STAS)−1STA)Xk(In −AS(STAS)−1ST)

• High-level languages are easy to use, but performance is usually suboptimal.
• BLAS and LAPACK can be fast, but require a lot of expertise.
• Goal: Simplicity and performance.
• Dense, mid- to large-scale linear algebra.
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Introduction

How to compute...

y ′ := H†y+ (In −H†H)x [TG17]

⇔ y ′ := H†y+ x−H†Hx

⇔ y ′ := H†(y−Hx) + x

...with these operations?

x := Ab 2n2

X := AB 2n3

x := a± b n

X := A± B n2

M1 := H†H

M2 := In −M1

m3 := M2x

m4 := H†y

y ′ := m3 +m4

⇒ 2n3 + 5n2 + n FLOPs

m1 := Hx

m2 := y−m1

m3 := H†m2

y ′ := m3 + x

⇒ 2n2 + 2n FLOPs
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Input

M 4 R8yy
K 4 Ryyy

J�i`Bt JUM- MV IaS.=
J�i`Bt sUM- KV I6mHH_�MF=
*QHmKMo2+iQ` vUMV I=
*QHmKMo2+iQ` #UKV I=

# 4 BMpUs^ BMpUJV sV s^ BMpUJV v
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Instruction Set

BLAS [DDC+90]
• y← Ax+ y

• C← AB+ C

• B← A−1B

• . . .

LAPACK [AB+99]
• Matrix factorizations.
• Eigensolvers.
• Solvers for linear systems with specific properties.
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Linear Algebra Knowledge

• Properties: i`KK vs. ;2KK
• Inference of properties: A B → AB

• Simplifications: AT → A if Symmetric(A)

• Rewriting expressions:

X := ATA+ATB+ BTA →
Y := B+A/2

X := ATY + YTA

• Common subexpressions:

X := AB−TC+ B−1AT →
Z := AB−T

X := ZC+ ZT

• Matrix chains:

(AB)c O(n3)

A(Bc) O(n2)
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Derivation Graph

y ′ := H†y+ (In −H†H)x

y ′ := H†y+ (In −M1)x

M1 := H†H
m1 := Hx

y ′ := H†m2 + x

m2 := y−m1

. . .

m4 := H†m1

. . .

. . .
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Derivation Graph

Reducing Redundancy

X := ABC+ CDE

X := T1C+ CDE X := AT3 + CDE

X := T2 + CDE X := T4 + CDE

X := T2 + CDE

T1 := AB T3 := BC

T2 := T1C T4 := AT3

T2 := T1C T2 := AT3
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Derivation Graph

Reducing Redundancy

X := AB+AC+AD

X := M1 +AC+AD

M1 := AB

X := M1 +M2 +AD

M2 := AC

X := M3 +AD

M3 := M1 +M2

tmp expr

M1 AB
M2 AC
M3 AB+AC
M4 B+ C

X := AB+AC+AD

X := A(M4 +D)

M4 := B+ C

X := M3 +AD

M3 := AM4
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Derivation Graph

Exhaustive

X := ABC+D

X := T1C+D X := AT2 +D

X := T3 X := T4 +D

X := T5

… …

T1 := AB T2 := BC

T3 := T1C+D T4 := T1C

T5 := T4 +D

Constructive

X := ABC+D

X := T2 +D

X := T3

T1 := AB

T2 := T1C

T3 := T2 +D
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Results

Example: w := AB−1c

Naive
r 4 � BMpU"V +

Recommended
r 4 � U"$+V

Generated
KHy 4 �c KHR 4 "c KHk 4 +c
TQi`75U^G^- KHRV
i`bp5U^G^- ^L^- ^L^- KHR- KHkV
i`bp5U^G^- ^h^- ^L^- KHR- KHkV
KHj 4 �``�v&6HQ�ie9'URyyyV
;2Kp5U^L^- RXy- KHy- KHk- yXy- KHjV
r 4 KHj
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Results

1

10

100

Test problems (randomly generated)

S
pe
ed
up

of
Li
nn
ea

Jl n Jl r Arma n Arma r
Eig n Eig r Mat n Mat r

• Between 4 and 7 operands.
• Sizes between 50 and 2000.
• Properties: diagonal, lower/upper triangular, symmetric, SPD.
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Results

1

10

100

1

Test problems (applications)

S
pe
ed
up

of
Li
nn
ea

Jl n Jl r Arma n Arma r
Eig n Eig r Mat n Mat r

• Domains: statistics, signal processing, image processing, optimization, regularization,
linear algebra algorithms.
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Results

Redundancy

10−1

100

101

102

103

104

Test problems

G
en
er
at
io
n
tim

e
[s
]

no merging
merging

Strategies

10−1

100

101

102

103

Test problems

G
en
er
at
io
n
tim

e
[s
]

exhaustive
constructive
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