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Introduction

* How to compute the following expressions?

b= (X"X)'Xy

b:=X"MT'X)'X"My

x := WAT(AWAT) b — ¢)

x:=(AB'BA' + RTA(RZ)IR) " A "B'BA 'y
 High-level languages are easy to use, but performance is usually suboptimal.

* BLAS and LAPACK can be fast, but require a lot of expertise.
» Goal: Simplicity and performance.
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Introduction

(Q,R) := ar(X)

b =T 'XTy b:= ((QR)TQR)'(QR) 'y

symbolic simplifications

b:=R'Qly

R (Q/ \Q%

Algorithm 1 Algorithm 2 Algorithm 3
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Input

n = 1500
m = 1000

Matrix M(n, n) <Input, SPD>
Matrix X(n, m) <Input, FullRank>
ColumnVector y(n) <Input>
ColumnVector b(m) <Output>

b = inv(X'*inv(M)*X)*X'*inv (M) *xy
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Instruction Set

BLAS [DDC"90]
cy <+ Ax+Yy
*C+ AB+C
B+ A'B
LAPACK [AB99]
» Matrix factorizations.
* Eigensolvers.
 Solvers for linear systems with specific properties.
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Linear Algebra Knowledge

Properties
Operation Cost
N B n3
A~ B 2.71°
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Linear Algebra Knowledge

Inference of Properties
A AT
Anm

expr = exprT — Symmetric(expr)
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Linear Algebra Knowledge

Simplifications
(AB)" — BTAT
Al 5 A if Symmetric(A)
Q'Q—1 if Orthogonal(Q)
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Linear Algebra Knowledge

Rewriting Expressions

X=AB+AC — X:=A(B+C(C)

Y:=B+A/2

X=A"A+A'B+B'A —
* * X:=A'Y+YTA

Y =al+W

Xi=(al+Q'WQ) — 0™YO
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Linear Algebra Knowledge

Common Subexpression Elimination

Z:=AB T
X:=/C
Y:=Z'C

X:=AB'C
Y:=B'ATC

AB T =(B'AT) =Z
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Linear Algebra Knowledge

Generalized Matrix Chain Problem

Al[Ble

— ™~

(AB)c O(n?) A(Bc) On?)

In practice:
X:=AB'C'D
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Derivation Graph
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Derivation Graph

b:=X"MXy

L := chol(M)
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Derivation Graph
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Derivation Graph

b:=X"MXy
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Derivation Graph

b:=X"MXy

L := chol( M/ \

b:=X"L "L TXy

t = Xy
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Derivation Graph

b:=X"M"Xy
L := chol( M/ \
b= XL 'L TXy
/ \ = X
Z=1"X b:=XT"L T
b:=7"Zy

|
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Derivation Graph

Exhaustive Constructive
X:=ABC+D X:=ABC+D

T, = AV \Tz:: BC T, .= AB
Tz = T]C

X=THC+D X:=AL+D X =T+ D

T3—T1C+D/ \1’4—T1 /\ ‘T312T2‘|‘D

X:=T1; X:=T4+D
‘T5 =Ty +D X=1s
XI:T5
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Derivation Graph

Reducing Redundancy
X :=ABC

_ AV Y := DEF \Ts e

X:=T,C X:=Al3
Y :=DEF Y :=DEF

T = T1C‘ ‘T4 =AT;

X = Tz X = T4
Y := DEF Y := DEF
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Derivation Graph

Reducing Redundancy
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Results

Example: w:= AB7'c

Naive
w = Axinv(B)*c

Recommended
w = Ax(B\c)

Generated

mlO = A; mll = B; ml2 = c;
potrf!('L', mll)

trsv!('L', 'N', 'N', mll, ml2)
trsv!('L', 'T', 'N', mll, ml2)

ml3 = Array{Float64}(10)

gemv! ('N', 1.0, ml0, ml2, 0.0, ml3)
w = ml3
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Results

# Example code gen time (ms)

1 b:=(XTX)""X"y 37

2 b:=(XMTX)'XTM Ty 430

3 W:=ATBCD'EF 9

4 X:=AB7'C;Y:=DB'AT 17

5 x:=W(ATAWAT) b —¢) 537
1

normalized execution time
(@) (@)
N 0%0)

0.4 _
linaive
0.2 lirecommended
0 generated
1 2 3 4 5
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