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LU = A→
(

LTL 0

LBL LBR

)(
UTL UTR

0 UBR

)
=

(
ATL ATR

ABL ABR

)

Partitioned Matrix
Expression:

(
{LTL, UTL} = LU(ATL) UTR = L−1

TLATR

LBL = ABLU−1
TL {LBR, UBR} = LU(ABR − LBLUTR)

)

⇓

Loop Invariant (1):
(
{LTL, UTL} = LU(ATL)

)
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Decomposition of the PME
An example: LU Factorization

Loop Inv

Loop Inv Selection

Decomposition Dependencies
TasksPME

Subgraphs
Dep Graph

Partitioned Matrix Expression:(
{LTL, UTL} = LU(ATL) UTR = L−1

TLATR

LBL = ABLU
−1
TL {LBR, UBR} = LU(ABR − LBLUTR)

)

Tasks: Patterns:

1 {LTL, UTL} := LU(ATL)

2 UTR := L−1
TLATR

3 LBL := ABLU
−1
TL

4 ABR := ABR − LBLUTR

5 {LBR, UBR} := LU(ABR)
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Graph of Dependencies
An example: LU Factorization
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Subgraphs Selection
An example: LU Factorization
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Loop Invariants
An example: LU Factorization

# Subgraph Loop-invariant

{1}

(
{LTL, UTL} = LU(ATL) 6=

6= 6=

)

{1,2}

(
{LTL, UTL} = LU(ATL) UTR = L−1

TLATR

6= 6=

)

{1,3}

(
{LTL, UTL} = LU(ATL) 6=

LBL = ABLU−1
TL 6=

)

{1,2,3}

(
{LTL, UTL} = LU(ATL) UTR = L−1

TLATR

LBL = ABLU−1
TL 6=

)

{1,2,3,4}

(
{LTL, UTL} = LU(ATL) UTR = L−1

TLATR

LBL = ABLU−1
TL ABR = ABR − LBLUTR

)

Table: The five loop-invariants for the LU factorization.
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Algorithms
An example: LU Factorization

Partition A→
(

ATL ATR

ABL ABR

)
, L→

(
LTL 0

LBL LBR

)
, U →

(
UTL UTR

0 UBR

)
where ATL, LTL, and UTL are 0× 0

while n(ATL) < n(A) do(
ATL ATR

ABL ABR

)
→

A00 A01 A02

A10 A11 A12

A20 A21 A22

 , . . .

Variant 1

U01 = L
−1
00 A01

L10 = A10U
−1
00

A11 = A11 − L10U01
{L11, U11} = LU(A11)

. . .

Variant 5

{L11, U11} = LU(A11)

U12 = L
−1
11 A12

L21 = A21U
−1
11

A22 = A22 − L21U12

(
ATL ATR

ABL ABR

)
←

A00 A01 A02

A10 A11 A12

A20 A21 A22

 , . . .

endwhile

* Variant 5 needs the assignment {LBR,UBR} = ABR before entering the loop.
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Conclusions

The system automatically obtains loop-invariants from the PME by:
decomposing the operations in the PME into tasks,

building a graph of dependencies among tasks, and

generating all the possible subsets of the graph of dependencies.

The approach is fairly general and applies to direct methods for:
matrix products,

solution of linear systems,

matrix factorizations,

equations arising in control theory such as Sylvester and Lyapunov.

One step closer to the automatic generation of algorithms.
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