
Automation in matrix computations

Paolo Bientinesi
Ume̊a University, Sweden

July 20, 2019
IFIP WG2.5, Valencia



Italy – Tuscany

2 / 29



Italy – University of Pisa

2 / 29



USA – UT Austin, TX

I Automatic generation of
algorithms

I Symmetric eigenproblem
AX = XΛ

I Parallel linear algebra

I Stability analysis
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USA – Duke, NC

I Cell

I FFT
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Germany – RWTH Aachen University

High-Performance &
Automatic Computing

IPCC
Molecular Dynamics

github.com/HPAC
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Sweden – Ume̊a University

Tensor operations Linear Algebra compiler
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The world of scientific computing

VLJ = 4ε
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Schrödinger eqn.

y = Xβ + Zu + ε

minx ‖Ax− b‖2 + ‖Γx‖2

Linear mixed models
...
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This talk

Matrix
computations

languages
libraries

compilers
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Matrix computations

Signal Processing x :=
(
A−TBTBA−1 + RTLR

)−1
A−TBTBA−1y R ∈ Rn−1×n, UT; L ∈ Rn−1×n−1, DI

Kalman Filter Kk := Pb
kH

T (HPb
kH

T + R)−1; xak := xbk + Kk (zk − Hxbk ); Pa
k := (I − KKH)Pb

k

Ensemble Kalman Filter X a := X b +
(
B−1 + HTR−1H

)−1 (
Y − HX b

)
B ∈ RN×N SSPD; R ∈ Rm×m, SSPD

Ensemble Kalman Filter δX :=
(
B−1 + HTR−1H

)−1
HTR−1

(
Y − HX b

)
Ensemble Kalman Filter δX := XVT

(
R + HX (HX )T

)−1 (
Y − HX b

)
Image Restoration xk := (HTH + λσ2In)−1(HT y + λσ2(vk−1 − uk−1))

Image Restoration H† := HT (HHT )−1; yk := H†y + (In − H†H)xk

Rand. Matrix Inversion Xk+1 := S(STAS)−1ST + (In − S(STAS)−1STA)Xk (In − AS(STAS)−1ST )

Rand. Matrix Inversion Xk+1 := Xk + WATS(STAWATS)−1ST (In − AXk ) W ∈ Rn×n, SPD

Rand. Matrix Inversion Xk+1 := Xk + (In − XkA
T )S(STATWAS)−1STATW

Rand. Matrix Inversion
Λ := S(STAWAS)−1ST ; Θ := ΛAW ; Mk := XkA− I
Xk+1 := Xk −MkΘ− (MkΘ)T + ΘT (AXkA− A)Θ
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Matrix computations (2)

Generalized Least Squares b := (XTM−1X )−1XTM−1y n > m; M ∈ Rn×n, SPD; X ∈ Rn×m; y ∈ Rn×1

Stochastic Newton Bk := k
k−1

Bk−1(In − ATWk ((k − 1)Il + WT
k ABk−1A

TWk )−1WT
k ABk−1)

Optimization xf := WAT (AWAT )−1(b − Ax); xo := W (AT (AWAT )−1Ax − c)

Optimization x := W (AT (AWAT )−1b − c)

Triangular Matrix Inv. X10 := L10L
−1
00 ; X20 := L20 + L−1

22 L21L
−1
11 L10; X11 := L−1

11 ; X21 := −L−1
22 L21

Tikhonov Regularization x := (ATA + ΓT Γ)−1ATb A ∈ Rn×m; Γ ∈ Rm×m; b ∈ Rn×1

Tikhonov Regularization x := (ATA + α2I )−1ATb

Gen. Tikhonov Reg. x := (ATPA + Q)−1(ATPb + Qx0) P ∈ Rn×n, SSPD; Q ∈ Rm×m, SSPD; x0 ∈ Rm×1

Gen. Tikhonov reg. x := x0 + (ATPA + Q)−1(ATP(b − Ax0))

LMMSE estimator Kt+1 := CtAT (ACtAT + Cz )−1; xt+1 := xt + Kt+1(y − Axt); Ct+1 := (I − Kt+1A)Ct

LMMSE estimator xout = CXA
T (ACXA

T + CZ )−1(y − Ax) + x

LMMSE estimator xout := (ATC−1
Z A + C−1

X )−1ATC−1
Z (y − Ax) + x
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x := A(BTB + ATRTΛRA)−1BTBA−1y

{
C† := PCPT + Q

K := C†H
T (HC†H

T )−1

E := Q−1U(I + UTQ−1U)−1UT . . .

2-step solution

MUL ADD MOV

MOVAPD

VFMADDPD . . .
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Step 1: Libraries

back in the days

I Identification, analysis,
optimization of building blocks

I EISPACK, LINPACK, BLAS, FFT,
LAPACK, spec.fun., num.int., . . .

I Cost(Alg) ≡ #operations(Alg)

I Computers difficult to program
Programs “easy” to optimize

I Libraries: convenience, portability,
separation of concerns

more recently

I Specialization, optimization

I Memory hierarchies

I Cost(Alg) 6≡ #operations(Alg)

I Computers easy to program
Programs difficult to optimize

I Libraries: necessity
(wrt performance)
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x := A(BTB + ATRTΛRA)−1BTBA−1y

{
C† := PCPT + Q

K := C†H
T (HC†H

T )−1

E := Q−1U(I + UTQ−1U)−1UT . . .

y := αx + y LU = A · · · C := αAB + βC

X := A−1B C := ABT + BAT + C X := L−1ML−T QR = A

. . . BLAS LAPACK . . .

MUL ADD MOV

MOVAPD

VFMADDPD . . .

LINEAR
ALGEBRA
MAPPING
PROBLEM

(LAMP)
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Step 2: Linear Algebra Mapping Problem

I E : a sequence of explicit assignments vari := EXPi

I K: a set of available computational building blocks e.g., BLAS, LAPACK, . . .

I M: a cost function defined over K+ FLOPs, data movement, stability, time

LAMP:
Find a sequence of calls to building blocks in K, optimal according to M,
that computes all the assignments in E .

I Suboptimal solution easy

I Optimality NP complete reduction from Ensemble Computation
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Problem acknowledged, yet overlooked

Libraries exist (a myriad of them) — How do I express my problem through them?

I By hand. C/Fortran. Patience. Expertize.

computer efficiency! . . . but human productivity?

I High-level language. Matlab, Julia, R, Eigen, Armadillo, NumPy, . . . Quick prototyping.

human productivity! . . . but computer efficiency?

Slow solutions → “2-language problem”
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Quantum Chemistry High-order FEM DG . . . Tensor App #N

MUL ADD MOV

MOVAPD

VFMADDPD . . .
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Quantum Chemistry High-order FEM DG . . . Tensor App #N

Transposition Contraction · · · Alternating LS

Khatri-Rao SpMTTKRP · · · TTV, TTM

HPTT TCL . . . BLAS

MUL ADD MOV

MOVAPD

VFMADDPD . . .
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Matrix computations: State of the art

High level of abstraction: Matlab, Julia, R, Eigen, Armadillo, NumPy

Why? Popularity, expressiveness, (performance...)

C = A * B’+ B * A’ + C; // Matlab

C = A * transpose(B) + B * transpose(A) + C // Julia

C = A * trans(B) + B * trans(A) + C; // Armadillo

C = A * B.transpose() + B * A.transpose() + C; // Eigen

ct = at @ bt.T + bt @ at.T + ct // NumPy

ct <- at %*% t(bt) + bt %*% t(at) + ct // R
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Do they map? matrix products

Matlab Julia R Eigen Armad. NumPy C

C = AB+C

0.28 0.31 0.30 0.29 0.28 0.29 0.26

C = AB . . .

C = αAB

C = αAB+βC

GEMM X X X X X X

C = C+AA’ 0.17 0.22 0.31 0.29 0.17 0.18 0.13

SYRK X X × × X X

C = C+AB’+BA’ 0.56 0.70 0.61 0.57 0.56 0.58 0.27

SYR2K × × × × × ×
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Do they map? Ax = b ≡ x := A\b 6≡ inv(A) ∗ b

Matlab Julia R Eigen Armad. NumPy C

x := A\b

0.70 0.62 0.67 0.63 0.62 0.65 0.61

inv(A) ∗ b 1.74 1.45 2.20 2.20 0.62 2.22 1.71

LinSolve - - - - X - -

... should they map?
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Parenthesisation

A B c

(AB)c O(n3) A(Bc) O(n2)

Product is associative, but its cost is not

Matrix Chain Algorithm O(k log k) Hu & Shing 1982; O(k3) dynamic programming
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Matrix Chain?

Chain Optimal Evaluation

1) “left-to-right” (LtR) ((A B) C)
2) “right-to-left” (RtL) (A (B C))
3) “mixed” (Mix) ((A B) (C D))

Matlab Julia R Eigen Armad. NumPy

1)
LtR no par. 0.056 0.055 0.061 0.058 0.056 0.055

LtR guided 0.056 0.055 0.061 0.058 0.056 0.055

2)
RtL no par. 0.42 0.42 0.44 0.42 0.055 0.42

RtL guided 0.055 0.054 0.059 0.056 0.055 0.056

3)
Mix no par. 0.32 0.33 0.33 0.35 0.31 0.33

Mix guided 0.21 0.22 0.22 0.23 0.20 0.22

Matrix chains × × × × ≈ ×
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Challenge: Generalized Matrix Chain [arXiv:1804.04021]

A B c

(AB)c O(n3) A(Bc) O(n2)

In practice

I Unary operators: transposition, inversion (X := ABTC−TD + . . . )

I Overlapping kernels (e.g., L← L−1, X = A−1B)

I Decompositions (e.g., A→ QTDQ, A→ LU)

I Properties & specialized kernels (GEMM, TRMM, SYMM, ...)
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Challenge: Not all flops were created equal

#FLOPs vs. execution time (vs. numerical stability)

argmin
A

( FLOPs(A) ) 6= argmin
A

( time(A) )

⇒ Performance prediction: efficiency

Parallelism: X := A((BTC−T )D) vs. X := (ABT )(C−TD) vs. . . .
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Properties?

Operation Property Matlab Julia R Eigen Armad. NumPy C

Linear System - 0.70 0.62 0.67 0.63 0.62 0.65 0.61

Symmetric 0.71 0.62 0.69 N/A 0.62 0.65 0.46
SPD 0.41 0.60 0.63 N/A 0.34 0.62 0.31
Triangular 0.03 0.03 0.63 N/A 0.62 0.65 0.03
Diagonal 0.03 0.01 0.63 N/A 0.03 0.62 0.001

≈ ≈ × × ≈ ×

Multiplication - 1.44 1.47 1.47 1.45 1.44 1.44 1.46
Triangular 1.44 0.75 1.47 1.45 1.44 1.44 0.74
Diagonal 1.44 0.03 1.47 1.45 1.42 1.44 0.06

× X × × × ×
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Challenge: Inference of properties

I easy E := L1 ∗ UT ∗ L2 triangular( E ) ?

I hard λ(L−TAL−1) symmetric( L−TAL−1 ) ?

I impossible? E := Q−1U(I + UTQ−1U)−1UT properties( I + UTQ−1U ) ?

⇒ Symbolic analysis: pattern matching
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Challenge: Common Subexpressions [arXiv:1710.06915]

{
X := AB−TC

Y := B−1ATD
→


Z := AB−T

X := ZC

Y := ZTD

BUT

X := ABABv 6→

{
Z := AB

X := ZZv
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Common Subexpressions?

{
X := AB

Y := AB
→

{
X := AB

Y := X

Matlab Julia R Eigen Armad. NumPy

direct 0.54 0.61 0.56 0.58 0.52 0.55

copy 0.27 0.36 0.30 0.30 0.26 0.30

× × × × × ×
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Other features (challenges)

I Code motion

for i = 1:n,

X = A*B;

d[i] = C[i,i];

end

→ ?

X = A*B;

for i = 1:n,

d[i] = C[i,i];

end

×

I Blocked operands

M =

[
M1 0
0 M2

]
→ ?

{
M1xT = yT
M2xB = yB

,

{
yT := M1xT
yB := M2xB

×

I diag(A + B) vs. diag(A) + diag(B) → Armadillo

diag(AB) vs. . . . → ×
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Summary

I LAMP is challenging — lots of expertise needed; interdisciplinary

I Compilers/languages are great with scalars, not so much with matrices

I Linnea: A linear algebra compiler

Linear algebra knowledge: operators, identities, properties, theorems

• Distributivity, commutativity, partitionings, . . .

• ((QR)TQR)−1(QR)T y → (RTQTQR)−1RTQT y → R−1R−TRTQT y → R−1QT y

• SPD(A)→ SPD(ABR − ABLA
−1
TLA

T
BL) Schur complement

• · · ·
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Linnea: Example

w := AB−1c , SPD(B)

Naive
w = A*inv(B)*c

Recommended
w = A*(B\c)

Expert
L = Chol(B)

w = A*(L’\(L\c))

Generated

ml0 = A; ml1 = B; ml2 = c;

potrf!(’L’, ml1)

trsv!(’L’, ’N’, ’N’, ml1, ml2)

trsv!(’L’, ’T’, ’N’, ml1, ml2)

ml3 = Array{Float64}(10)

gemv!(’N’, 1.0, ml0, ml2, 0.0, ml3)

w = ml3
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Results — applications

Linnea’s speedups

Jl: Julia, Arma: Armadillo, Eig: Eigen, Mat: Matlab. n/r: naive/recommended implementation
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Results — random expressions

Linnea’s speedups

Jl: Julia, Arma: Armadillo, Eig: Eigen, Mat: Matlab. n/r: naive/recommended implementation
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