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Introduction

• How to compute the following expressions?

b := (XTM−1X)−1XTM−1y

x := W(AT(AWAT)−1b− c)

x :=
(
A−TBTBA−1 + RT [Λ(Rz)]R

)−1
A−TBTBA−1y

Xk+1 := S(STAS)−1ST + (In − S(STAS)−1STA)Xk(In −AS(STAS)−1ST)

• High-level languages are easy to use, but performance is usually suboptimal.
• BLAS and LAPACK can be fast, but require a lot of expertise.
• Goal: Simplicity and performance.
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Introduction

How to compute...

y ′ := H†y+ (In −H†H)x [TG17]

⇔ y ′ := H†y+ x−H†Hx

⇔ y ′ := H†(y−Hx) + x

...with these operations?

x := Ab 2n2

X := AB 2n3

x := a± b n

X := A± B n2

M1 := H†H

M2 := In −M1

m3 := M2x

m4 := H†y

y ′ := m3 +m4

⇒ 2n3 + 5n2 + n FLOPs

m1 := Hx

m2 := y−m1

m3 := H†m2

y ′ := m3 + x

⇒ 2n2 + 2n FLOPs
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Instruction Set

BLAS [DDC+90]
• y← Ax+ y

• C← AB+ C

• B← A−1B

• . . .

LAPACK [AB+99]
• Matrix factorizations.
• Eigensolvers.
• Solvers for linear systems with specific properties.
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Storage Formats

Code Generation in Linnea

w := AB−1c

L := cholesky(B)
v1 := L−1c

v2 := L−Tv1
w := Av2

KHy 4 �c KHR 4 "c KHk 4 +c
TQi`75U^G^- KHRV
i`bp5U^G^- ^L^- ^L^- KHR- KHkV
i`bp5U^G^- ^h^- ^L^- KHR- KHkV
KHj 4 �``�v&6HQ�ie9'URyyyV
;2Kp5U^L^- RXy- KHy- KHk- yXy- KHjV
r 4 KHj
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Storage Formats

Example: LU Factorization (;2i`7)
A→ PLU
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Storage Formats

Example: Triangular solve (i`bK)
C← A−1B

• A can be upper/lower triangular.
• A can have unit diagonal.
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Storage Formats

The Problem
• We need to know how operands are stored.
• We need to know how kernels read operands.
• We need to be able to change storage formats.
• Goal: Only change storage formats when necessary.
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Storage Formats

• (Unit-)Triangular matrices.
• Permutation.
• Symmetric matrices.

• Banded matrices.

• Packed (triangular and symmetric).

• Diagonal.

11 of 28 Code Generation in Linnea | Henrik Barthels, Paolo Bientinesi | RWTH Aachen
University | ARRAY 2019



Storage Formats

Compatibility Relation

HQr2`ni`B�M;mH�` ≺ 7mHH
7mHH ⊀ HQr2`ni`B�M;mH�`

a ≺ b if
• all explicitly represented elements in a are explicitly represented in b, and
• all elements in a have the same positions in b.
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Storage Formats

The Algorithm
• Given kernel K with input operands M1,M2, . . .

• Kernels are annotated with required input formats r1, r2, . . .
• Operands are annotated with current format f1, f2, . . .
• Database of storage format conversions.

for all Mi:
if ri ⊀ fi:

find conversion fi → f with ri ≺ f
if conversion is in place:

check if something gets overwritten
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An Algebra of Banded Matrices

Upper and Lower Bandwidth

Definition [GVL13]:

A ∈ Rn×n has
• lower bandwidth l if i > j+ l implies aij = 0, and
• upper bandwidth u if j > i+ u implies aij = 0.
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An Algebra of Banded Matrices

Examples
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An Algebra of Banded Matrices

What about operations on banded matrices?

Bandwidth of A+ B is (max(lA, lB),max(uA, uB)).
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An Algebra of Banded Matrices

What about operations on banded matrices?

Bandwidth of A · B is (lA + lB, uA + uB).
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An Algebra of Banded Matrices

Generalization to Non-Square Matrices
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An Algebra of Banded Matrices

Generalization to Negative Bandwidth

l+ u+ 1 ! 0 implies that A is zero.
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An Algebra of Banded Matrices

Problem: Overapproximation
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An Algebra of Banded Matrices

Partitioning Matrices
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An Algebra of Banded Matrices

• Simple propagation of matrix properties.
• Type system for banded matrices (;Bi?m#X+QKfCmHB�G�M;fDmHB�, issue #8240).
• Better support in libraries.
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Results

Example: w := AB−1c

Naive
r 4 � BMpU"V +

Recommended
r 4 � U"$+V

Generated
KHy 4 �c KHR 4 "c KHk 4 +c
TQi`75U^G^- KHRV
i`bp5U^G^- ^L^- ^L^- KHR- KHkV
i`bp5U^G^- ^h^- ^L^- KHR- KHkV
KHj 4 �``�v&6HQ�ie9'URyyyV
;2Kp5U^L^- RXy- KHy- KHk- yXy- KHjV
r 4 KHj
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Results
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Linnea is available online: ?iiTb,ff;Bi?m#X+QKf>S�*fHBMM2�
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https://github.com/HPAC/linnea
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