Automata-Based Detection of Hypergraph Embeddings
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Hypergraphs
list Definition
1 Labeled and annotated hypergraph over A and
L = Varz WSely: H = (V, E, att, lab, type, ext)
head tail » X: Finite ranked alphabet.
ar > Rankrk:% - N
» /A: Set of types.
1 P » Attachment function att: E — V*
» Hyperedge-labeling functionlab: E — X
P n » Vertex-annotation function type: V — A
‘ » Pairwise distinct external vertices: ext € V*
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Hyperedge Replacement Grammar

Definition

A hyperedge replacement grammar (HRG) over alphabets I'n = (Zn, A) is a set of
production rules of the form X — H, with X € N and H € HGr,, where

|exty | = rk(X).

®:

L— 1
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Hyperedge Replacement Grammar
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Embeddings

Definition
Let {X — H} € DSGr, and G € HCr. H is embedded in G if there are functions
fv : Vi — Vg and fg : Eyq — Eg such that

labyy(e) = labg (fe(e))Ve € Ey
type,, (v) = typeg (fv(v))Vv € Vi \ [exty]
v = exty (i), typey (v) # types (fv(v)) = types (fv(v)) = L, ts(X)(i) € Ao
attg(fe(e)) = fy(attiy(e)) Ve € Ey
V1,V2 € Vi, V1 #V2,V1 € lexty] = fyv(vi) # fv(vz)
ts(X) (1), ts(X)(j) € A = fy(extn(i)) # fv(extu(j)), 1,j € [1,rk(X)], 1 #j
Ve € Eg \ fe(En),i € [1,rk(e)],v € Vi \ [exty] : —3e’ : fe(e) = e

= attg(e)(i) # fv(v)
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Embeddings

Embeddings

Detecting embeddings is NP-complete.
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Heap Configurations

Hypergraphs are unnecessarily general.
Objects have types (at least in Java, C++, ...).
Objects of the same type always have the same pointers.

Garbage will not be considered.
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Hyperedge Replacement Grammar: Doubly-Linked List

1 n 2
- @@
P
1 n 2
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Heap Configurations

Data Structure Grammar: Doubly-Linked List

» Selectors have to match type.
» Vertices have either all or none of their selectors (possibly abstracted).
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Paths

Paths

list.head
list.head.next
list.head.previous
list.head.next.previous
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Paths

TT= (Tl, 2) (X) 2)
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Paths

m=n(X,2)
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Paths

m=n(X,2)

eval(m, G,v1) = v3
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Path-Based Embeddings

typey ({(0) (H,v1)) = typeg ((T0) (G vg)) V7t € TTors
ot({T) (H,vi1)) = Ot({7) (G,ve)) V7T € TTDES, (T0) (H,vy) € V\ [extp]
ot((70) (H,vy)) = ot({70) (G ,ve))

V1 € TTpEs, (T0) (H,vy) € lextil, ot((70) (1 vy)) 7# 0

ot({70) (G,vg)) € {ot(V') [ V' € Vg, typeg (V') = typey; (v)}

v € Tlpgs, (7 >(H,vH) € [eXtH],Ot(<7T>(H,vH)) =0
deg({70) (H,v)) = deg((7r) (G,vs)) VT € TIDEs, (T0) (H,v) € V \ lexty]
deg((T0) (H,vy)) < deg({T) (G,ve)) VT € TIpEs, (T0) (H,vy) € [extH]

ts(X) (i), ts(X)(j) € /\>(Tf1)(H,vH) = exty (1), (72) (H,vyy) = extr(j)

= (1) (G,ve) 7 (M2)(Gve)r b € [T, k(X)) 1 #

(T09) () = (T2) (Hyv) = (1) (G ve)) = (T2) (G ,ve)) V701, T2 € TTDEs

19/30



Heap Representation Embeddings Heap Configurations Paths Function Automata Embedding Detection

Path-Based Embeddings

Theorem
There is a path-based embedding if and only if there is an embedding and there
is one external vertex from which every other vertex can be reached.
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Path-Based Embeddings

Theorem

There is a path-based embedding if and only if there is an embedding and there
is one external vertex from which every other vertex can be reached.

How to avoid checking properties more often than necessary if we search for more
than one embedding?
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Function Automata
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Function Automata

AMqo) =f:D — {a, b}
Alq1) =g:D —{x,y}
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Paths

Function Automata

Embedding Detection

Function Automata

b Yy
qsink
Alqo) =f:D —{a, b}
AMda1) =g:D — {x,y}
Alq2) =end
(qsmk) =end
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Function Automata

Definition
— qo e, q1 X —@ Cycle-free deterministic finite state machine:
. A= (QFA8,do, F).
Y > Set of states Q.
Universe of functions § with end € §.

Jsink
A : Q — § assigns a function to each state.

Q=Uf€ngWithf:D—>Qf€$.

Transition function 5 : Q x Q — Q.
=f:D —{a,b}

=g: D _>{X>y}

Alqo
Alqs
Alq2
A(dsink

>
>
>
>
» Initial state qo € Q.
>

Set of accepting states
= end FC{q e Q|A(q) =end}.

)
)
)
)= Alg) < A(8(q, w))Vw € Qp(q)

v
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Function Automata

Union of Function Automata

a > az > a3
b] Cc ° °
y
by ° ° °

22/30



Function Automata

Union of Function Automata

aq > (2 > (3
b] Cc ° °
y
by ° ° °
y
bs ° ° °
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Union of Function Automata

ap - a3 > a3 Alar) = A(by)

b] Cc [ °
b, ° ° °
bs ° ° °
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Function Automata

Union of Function Automata

aq > (2 > (3
Alar) < A(b1)
b] Cc ° °
by ° ° °
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rations Paths Function Automata Embe

t Grammars Embeddings

Union of Function Automata

ag > a2 > a3
Alar) < A(by)
b c— ¢/ i )\(C) :7\((11)
by ° ° °
bs ° ° °
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Heap Representation Hyperedge Replacement Grammars Embeddings

Union of Function Automata

aj > A2 > (3

by
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7\((12 >= A(bq
A(c’) = A(by
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Union of Function Automata

aj > A2 > (3
Alar) < A(by)
b c— ¢/ i )\(C) :7\((11)
Alaz) = A(bq)
Alc") = A(b1)
by ° ° °
Alay) = A(b7) eventually holds
because of A(q) < A(8(q, w)).
bs ° ° °
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Embedding Detection

Embedding Detection Automata

Input: D ={(G,v) | G € HCr,v € Vg} =Ir,
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Embedding Detection Automata

Input: D ={(G,v) | G € HCr,v € Vg} =Ir,
Functions:

type((7) (,v))
deg>n(< T (G,v))
ot((7) (G,v))

() (cv) = () (6,v)
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Embedding Detection Automata

Input: D ={(G,v) | G € HCr,v € Vg} =Ir,
Functions:

type({7) (G,v))
deg>n(< > Gv))
0t(< >(G,v))
() (6,v) = (M) (G,v))
A-function order: type((m)q) < deg,, ((m)g) < ot((m)g) < ((M)g = (n')g) < end

f((m1)(gv)) < f{m2) (g,v)) & ™M <2
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Example: Double-Linked List

Initial vertices ext(3).
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Embedding Detecti

Example: Double-Linked List

[
type((e})

e
deg;((e))
13,%
ot((c))
[(CRINCR)N
type((n))
e, L
deg3((n))

N
»

[(CRINCRI
(p)=1(e)
|EALSE
(pn) = ()
| TRUE
type((pp))
le, L
deg_;({pp)
11,2,3,«
ot((pp))
|asum

deg;((n))
11,2,3,+
ot((n}))
|agu@
type((p))
le
degs((p))
|2
otl(p))
|3y
type((p(L, 1))

el
deg;((p(L, 1))
11,2,3,
ot{(p(L, 1))
lasuw
type((p(L,2))
e
deg_,((p(L,2))
11,2,3,
ot({p(L,2)))
()}
(p(L,2)) = (e)
| FALSE
(p(L,4)) = (¢}
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'
type((e))
le
deg5((e))
13,«
ot((e))

l(n, 1), (0,10}

typel((n))

el

deg3((n))
11,2,3,«

ot((p))

[(CRINCRI

(p)=1(e)
|EALSE
(pn) = ()
| TRUE
type((pp))
el
deg_;({pp)

11,2,3,«

ot((pp))

|asum

Example: Double-Linked List

+
type((¢})
le
deg;3((e))
I3,
ot((e))
[(CRINCR)H
type((n))
le, L
deg3((m))
11,2,3,+
ot((n})
|agu@
type((p))

ot((p(L, 1))
|agumr
type((p(L,2))
e
deg;3((p(L,2))
11,2,3,+
ot({p(L,2)))
()}
(p(L,2)) = (e)
| FALSE
(p(L,4)) = (&)
| TRUE
end

type((e))

deg3((e))
13,
ot((e))
)

{(n, 1), (p, 1)}

Embedding Detectio
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Example: Double-Linked List

+
type((e})
le
deg5((e))
13,
ot((c))
[(CRINCR)N
type((n))
L
deg.;((n)
11,2,3,«

ot((p))

[(CRINCRI

(p)=1(e)
|EALSE
(pn) = ()
| TRUE
type((pp))
el
deg3((pp)

11,2,3,«
ot((pp))
|asum

{
type((p(L, 1))

v
type((¢})

le

deg;3((e))

13,«

ot((e))

[(CRINCR)H

type((n))

le, L

degy((m)

11,2,3,+
ot((n}))

|agu
type((p))

le

deg;3((p)

|2
ot((p;

(
|

)
(L,3)}

e,
deg3((p(L, 1))

11,2,3,
ot({p(L, 1))

|agumr
type((p(L,2))

Te
deg;3((p(L,2))
11,2,3,
ot({p(L,2)))
()}
(p(L,2)) = (e)

<—
[

(L,2)))
1,2,3,%
ot({p(L,2)))
H(L,2))
(p(L,2)) = (e)
| FALSE

<

deg<3(<

B B

(p(L,4)) = (&)
| TRUE
end
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¥

type((e})
le
deg;((e))
eSS
ot({e})
i, 1, (0,1
type((n))
le, L
deg5((n))
11,2,3,«
ot((n))
lagum
type((p))
e
deg;3((p))
ot((p)) ’ ot((p))
RERINCRI J,3)y
(p)=(e) type((p(L,1))
|FALSE el
(pn) = () degs((p(L, 1))
lTRUE 11,2,3,%
typel((pp) ot({p(L, 1))
et loguo
deg;((pp) type((p(L,2))
11,2,3,+ e
ot({pp)) deg3((p(L,2)))
|ogum 11,2,3,«
ot({p(L,2)))
Jw2y
(p(L,2)) = (¢)
|FALSE
(p(L,4)) = (¢)
| TRUE
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11,2,3,+ e
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+
%e[(i))
le

deg;3((e))
13,
ot({e})
i, 1, (0,1
type((n))
le, L
deg5((n))
11,2,3,«
ot((n))
lagum
type((p))
e
deg;3((p))
oty P o)
RERINCRI J,3)y
(p)=(e) type((p(L,1))
|FALSE e, L
(pn) = () deg3((p(L, 1))
| TRUE 11,2,3,%
type((pp)) ot({p(L, 1))
et loguo
deg;((pp) type((p(L,2))
11,2,3,+ e
ot({pp)) deg3((p(L,2)))
|ogum 11,2,3,«
ot({p(L,2)))
Jw2y
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Example: Double-Linked List

+
}[M)
le
degl;((e))
13,+
off (e})
L, 1, (o, 1}
type((n)
Je,L
degd;((n))
11,2,3,%
otf(n))
|ag U
(e
e
deg;3((p))
oty P o)
RERINCRI J,3)y
(p)=(e) type((p(L,1))
|FALSE el
(pn) = () deg3((p(L, 1))
lTRUE 11,2,3,%
typel((pp) ot({p(L, 1))
et loguo
deg;((pp) type((p(L,2))
11,2,3,+ e
ot({pp)) deg3((p(L,2)))
|ogum 11,2,3,«
[end] ot({p! (ll 2))
(p(L,2)) = (E>
|FALSE
(p(L,4)) = (¢)
| TRUE
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Example: Double-Linked List

ot((p))
Ji3)
type((p(L,1))
el
(tp(L, 1))
11,2,3,%
(L, 1))
lagum
type((p(L,2))
e
deg3((p(L,2)))
11,2,3,%
ot({p(L, ))]
i,
(p(L,2)) = (E>
|FALSE
(p(L,4)) = (¢)
| TRUE

degy

ot((p
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Example: Double-Linked List

()= (e) deg;((p(L 1)
TRUE 1,2,3,%
typel(pp)) ot((p(L, 1))
el 05 U (0
deg3((pp) type((R(L,2))
1,2,3,+ e
ot({pp)) deg3((p(L,2)))
Q5 U0} 1,2,3,%
ot((p(L,2)))
L,2)}
P(L,2)) = (&)
FALSE
(L)) = (&)
TRUE
end
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Embedding Detection

Time Complexity

Length of the longest run. Worst case:

A
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Time Complexity

Length of the longest run. Worst case:

0000

O (IA[-IVH] - Bh - [ext [)
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Embedding Detection

Time Complexity

Length of the longest run. Worst case:

XXX
O (Al Vil By - extiy )

Embedding detection: O(|Vg| - |Al- [Vil? - Bi - | exty |)
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Time Complexity

Alternative approach: Fixed [Vy]|.
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Alternative approach: Fixed [Vy]|.

i=0
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yop B LB
. B—-1 B—1
i=0
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Conclusion

Embedding detection is possible in polynomial time in many cases.

Future work:
» Implementation.
» Type hierarchy.
» More efficient path evaluation.

» Explore properties of function automata.

30/30



	Heap Representation
	Hyperedge Replacement Grammars
	Embeddings
	Heap Configurations
	Paths
	Function Automata
	Embedding Detection

