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Introduction: The FLAME Project

» FLAME: Formal Linear Algebra Methods Environment.
» Goal: Automatic development of linear algebra libraries.
» Automatic generation of algorithms (direct methods).

My thesis:

» lIterative methods.

» Preliminary results by Eijkhout et al., 2010.
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Derivation of Algorithms for Direct Methods
PME Generation
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PME Generation: Input

Operation: Lower triangular linear system.

Ppre : {Input[A] AMatrix[A]A
NonSingular[A]A
LowerTriangular[A]A
Input([b] A Vector[b]A
Output[x] A Vector[x]}

Ppost : {Ax = b}

x = ®(A,b)
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PME Generation: Initial Partitioning
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PME Generation: Initial Partitioning
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PME Generation
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PME Generation

ATLXT _ (b
ABLXT + ABRXB b
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PME Generation

ATLxt = by
ABLXT +ABrXp = bp
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PME Generation

x1 = @ (A1, bT)
ABLXT +ABrXp = bp
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PME Generation

x1 = @ (A1, bT)
ABRXB = b —ABLXT
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PME Generation

Partitioned Matrix Expression (PME):

x1 = ® (A1, bT)
xg = @ (Apgr,bp —AprXxT)
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Derivation of Algorithms for Direct Methods

Loop Invariant ldentification
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Loop Invariant Identification

{Pinv}
While G do
{Pinv}
{Pinv}

endwhile
{Pinv A _'G}
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Loop Invariant Identification

xT = ® (A1, bT)
xg = @ (Apgr,bg —AprXxT)
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Loop Invariant Identification

xT = ® (A1, bT)
xg = @ (Apgr,bg —AprXxT)

I. x1T =@ (ATL,bT)
2. bB = bB —AB[_XT
3. xg := @ (AR, bp)
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Loop Invariant Identification

xT = ® (A1, bT)
xg = @ (Apgr,bg —AprXxT)

I. x1T =@ (ATL,bT)
2. bB = bB —AB[_XT
3. xg := @ (AR, bp)

N — —
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Loop Invariant Identification

x1 = O (A1, bT)
xg = @ (Apgr,bg —AprXxT)

I. x1T =@ (ATL,bT)
2. bB = bB —AB[_XT
3. xg = @ (AR, bp)

N — —

Loop invariant candidates: @,{1},{1,2},{1, 2,3}
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Loop Invariant Identification

x1 = O (A1, bT)
xg = @ (Apgr,bg —AprXxT)

I. x1T =@ (ATL,bT)
2. bB = bB —AB[_XT
3. xg = @ (AR, bp)

N — —

Loop invariant candidates: @,{1},{1,2},{1, 2,3}
Feasible loop invariants: {1},{1,2}
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Derivation of Algorithms for Direct Methods

Algorithm Construction
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Algorithm Construction: Worksheet

‘ Algorithm: ... ‘
{ Ppre }
Partition
{ Pinv }
While G do
{( Pinv )/\( G )}
Repartition
{ Pbefore }
Update
{ Pafter }
Continue with
{ Pinv }
endwhile
{( Py )/\_'( G )}
{ Ppost }
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Algorithm Construction: Repartitioning

"Repartition" rule:

A
Aty 0 00
— | Ao
AgL | ABRr

"Continue with" rule:

0 0
A1l 0
Ao | A21 | A22
Aoo 0 0
A1 0
Az | A21 | A22

A 0
- ~ | Ao
AgL | ABR
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Algorithm Construction: Repartitioning
"Repartition" rule:

A 0 0
ATL 0 00
— A10 A]] 0

A A
Br bR Azo | A1 | A2z

"Continue with" rule:

Ao | O 0

A 0
<ATL Y ><— Ato | A1 0

BL BR
Az | A21 | A2

Pinv:
{x1 :== ® (Ayr,bT) Abp :=bp —AprxT}
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Algorithm Construction

Pbefore
x0 = @ (Aoo, bo)
by :=Db1 —Aqo%0
bz = bz — AzoXo
Pafter

x0 = ®(Apo, bo)
x1:=®(A11,b1 — Aq0%x0)
by :=by —Azoxp —A21%q
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Algorithm Construction

Pbefore
xo := @ (Ago, bo)
by :=b1 —Aj0%0
bz = bz — AzoXo
Pafter
x0 := ®(Aoo, bo)
x1 = ®(A717,by —Aq0x%0)
bz :=b2 — Azox0 — A21%1
Update:

x1:=® (Aq71,b7)
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Algorithm Construction

Pbefore
xo := @ (Ago, bo)
by :=b1 —Aj0%0
bz = bz — AzoXo
Pafter
x0 := ®(Aoo, bo)
x1 = ®(A717,by —Aq0x%0)
bz :=b2 — Azoxo — A21%1
Update:

x1 = ® (Aq1,b1)
bz = b2*A21X1
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Algorithm Construction

Algorithm: x := @ (A, b)

A 0
Partition A — T
AgL | ABR

where At is 0 x 0
While size(Atr) < size(A) do

Repartition
Aoo 0 0

ATL 0
A A — /\]0 /\1] 0
BL B
R Az | A21 | A2z

where Aisk xk

Variant | Variant 2
by :=b1 —Aj0x0 x1:=® (A11,b1)
x1:= @ (A771,b7) by :=b2—Az1x

Continue with
Aoo 0 0

A 0
( L ) «— Ao | At 0

A A
i bR Az | A21 | A2z

endwhile
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Derivation of Algorithms for Iterative Methods
Matrix Representation
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Iterative Methods

Iterative methods for solving linear systems Ax = b.

>
» Initial guess xg.

» Successively better solutions x1,X2, ...
>

Convergence: ||Ax; —bl| < e.
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Iterative Methods

Iterative methods for solving linear systems Ax = b.

>
» Initial guess xg.

» Successively better solutions x1,X2, ...
>

Convergence: ||Ax; —bl| < e.

Matrix representation:

X:(X()X] Xz...)
R =

(rory7a2...)
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Matrix Representation

Operation: Symmetric conjugate gradient method.

Ppost :

APD =R (I-])
P(I-U)=R

PD =X (I-])
[Rer|| < ¢

Source: Eijkhout et al., 2010.
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Matrix Representation

Operation: Symmetric conjugate gradient method.

Ppost :

APD =R (I-])
P(I-U)=R

PD =X (I-])
[Rer|| < ¢

X:(Xox] Xz...)
R =

(rory72...)

Source: Eijkhout et al., 2010.
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Matrix Representation

Operation: Symmetric conjugate gradient method.

Ppost :

APD =R (I-])
P(I-U)=R

PD =X (I-])
[Rer|| < ¢

{R,U,P,D, X}:= CG (A, Regp, Xep)

Source: Eijkhout et al., 2010.
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Derivation of Algorithms for Iterative Methods

PME Generation
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PME Generation: Initial Partitioning

APD =R(I-])
P(I-U)=R
PD =X (1-])
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PME Generation: Initial Partitioning

APD =R(I-])
P(I-U)=R
PD =X (1-])

g
A(PLPR><D(;L 6§R>(RLTRT‘+)(€I1)
—1
(PLPR)(I_STL_ﬁTR> (RL‘TR)
I-J| 0
(PLPR)(DSL 6};) (XLXRX+)(§I1])
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PME Generation

( AP D1 =R (I-]) —rref ‘ APROBR = TR — T4 )
( PL(I—Ury) =Ry | —Prurr +pr =Tr )

(‘PuDTL=X0 (1)) —xre] | propR =Xk —x: )

Ppost :
APD =R (I-])
P(I-U)=R
PD =X (I—-])
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PME Generation

( AP D1 =R (I-]) —rref ‘ APROBR = TR — T4 )
( PL(I—Ury) =Ry | —Prurr +pr =Tr )

< PLDtL = X0 (I-]) —xge] | prOBR =XR — X4 )

I— Ppost :
APLDTL:<RL‘TR> _'II post
€r APD =R (1-])

PL(I—UrL) =Re P(I—U)=R

o= (e ) (L) PD =X (1-]

_eT
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PME Generation

( AP D1 =R (I-]) —rref ‘ APROBR = TR — T4 )
( PL(I—Ury) =Ry | —Prurr +pr =Tr )

(‘PuDTL=X0 (1)) —xre] | propR =Xk —x: )

{(Re [mr), Urr, P, Dy, (X1 [ xr)} := CG (A, Rrep, X1 )
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PME Generation

( AP D1 =R (I-]) —rref ‘ APROBR = TR — T4 )
( PL(I—Ury) =Ry | —Prurr +pr =Tr )

(‘PuDTL=X0 (1)) —xre] | propR =Xk —x: )

{(Re [mr), Urr, P, Dy, (X1 [ xr)} := CG (A, Rrep, X1 )
—PLuTr +Ppr = TR
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PME Generation

( AP D1 =R (I-]) —rref ‘ APROBR = TR — T )
( PL(I—Ury) =Ry | —Prurr +pr =Tr )

(‘PuDTL=X0 (1)) —xre] | propR =Xk —x: )

{(Re [mr), Urr, P, Dy, (X1 [ xr)} := CG (A, Rrep, X1 )
—P!APLutg + P/ Apr = P] Arg
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PME Generation

PME:

{(Re [mr), Urr, P, Dy, (Xt [ xR)} := CG (A, Rrep, X1 )
1
urg :=— (PLAPL)  PlArg
PR :=TR + Prurg

6 =

T4 :=TR — APRrOBR

X4+ = XR — PROBR
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Derivation of Algorithms for Iterative Methods

Loop Invariant Identification
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Loop Invariant Identification

l. { . } =CG (A, R[_eo, X]_eo)
2 2. urg = — (PTAPL) ' PJArg
3. PR (= TR + P]_LLTR
4. bpg = R
3 - UBR-— TﬁAPR
5. Ty (=TR— APRSBR
6. X4 = XR —PROBR
4
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Loop Invariant Identification

l. { . } =CG (A, R[_eo, X]_eo)
2 2. urg = — (PTAPL) ' PJArg
3. PR =TR+ P]_LLTR
4. bpg = R
3 - UBR-— TﬁAPR
5. Ty (=TR— APRSBR
6. X4 :=XR —PROBR
4

/ \ We use Py, = {1,2,3}
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Loop Invariant Identification: Feasibility

‘ Algorithm: ... ‘

{ Ppre }
Partition

Preprocessing
{ Pinv }
While G do
{( Pinv )/\( G )}
Repartition
{ Pbefore }
Update
{ Pafter }
Continue with
{ Pinv }
endwhile
{( Piny )/\_'( G )}
{ Ppost }
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Loop Invariant Identification: Feasibility

Ppost:
APD =R (I-])
P(I-U)=R
PD =X (1-])

|IRer|| < €
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Loop Invariant Identification: Feasibility

Ppost:
APD =R (I-])
P(I-U)=R
PD =X (1-])
|Rer|| < e

Loop guard G: |||l > ¢
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Loop Invariant Identification: Feasibility

Ppost:
APD =R (I-])
P(I-U)=R
PD =X (1-])
|Rer|| < e

Loop guard G: |||l > ¢

R—)(RL‘TR‘T_._)
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Loop Invariant Identification: Feasibility

Piw A =G = Ppost
Pinv:
{(Rp [ R), Utr, P, D71, (XL | XR)} := CG (A, R e, XL €p)
1
UTR ‘= — (P[APL) P{AT‘R
PR :=TR + PLurg

G:|rrl| = ¢
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Loop Invariant Identification: Feasibility

Piw A =G = Ppost
Pinv:
{(Rp [ R), Utr, P, D71, (XL | XR)} := CG (A, R e, XL €p)
1
UTR ‘= — (P[APL) P{AT‘R
PR :=TR + PLurg

—G:rrl <e
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Loop Invariant Identification: Feasibility

Piw A =G = Ppost
Pinv:
{(Rp [ R), Utr, P, D71, (XL | XR)} := CG (A, R e, XL €p)
1
UTR ‘= — (P{APL) P{AT‘R
PR = TR+ PLuTR
—G: Rl <e

Ppost: {R,U,P,D, X}:=CG (A, Reg, Xep)
IRe|| < e
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Derivation of Algorithms for Iterative Methods

Algorithm Construction
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Algorithm Construction: Repartitioning

"Repartition" rules:

(RLlTR|T+)—><RO|T1|T2>

Drp| O Doo | O
%
0 SBR 0 611

"Continue with" rules:

(RLlTR|T+><—(Ro‘T1|T‘2|T3)

Doo | © 0

D 0
( ;‘L 5 ) — 0 51] 0
BR 0 | 0 |61
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Algorithm Construction

Pbefore

{(Ro [ 1), Upo, Po, Doo, (Xo | x1)} :== CG (A, Rpep, Xoep)
.
uot :=— (PJAPy)  PJATY

Pp1:=T711+ Pouoy
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Algorithm Construction

Pafter:

{(Ro [ 1), Upo, Po, Doo, (Xo | x1)} :== CG (A, Rpep, Xoep)

o1 == — (PLAP,) ' PIAT
p1 =711+ Pouor
o011 = ;]Tn

Ty AP1

T2 =T —A'p1511
X2 =X1 —P1011
piAT2
PiApP
p2:=T2+PpP1Vi2

Vi2 = —
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Algorithm Construction

Pafter:

{(Ro [ 1), Upo, Po, Doo, (Xo | x1)} :== CG (A, Rpep, Xoep)

o1 == — (PIAP,) ' PJAT
p1 =11+ Pouos
d11:= ;]Th

Ty APT

T2 =171 —APpP1d17
X2 i=X1 —P1d17
piAT2
piAPT
P2 :=T2+P1Vvi2

Vi2 = —
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Conclusion

Automatic derivation of algorithms for iterative methods.

> Automatic derivation of matrix properties.
» Provably correct algorithms.

» Families of algorithms.
Future work:

> Matrix representations.
» Stability analysis.
» Performance analysis.

> Implementation.
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Derivation of Properties

APD =R(I—]J)
P(I—U)=R
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Derivation of Properties

APD =R(I—J)
P(I—U)=R
AP =R(I—])D!
P=R(I-U)""
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Derivation of Properties

APD =R(I—J)
P(I—U)=R
AP =R(I—])D!
P=R(I-U)""

Diagonal[RR]
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Derivation of Properties

APD =R(I—J)
P(I—U)=R
AP =R(I—])D!
P=R(I-U)""

Diagonal[RR]
RTAP=RTR(I—])D!
RTP=RTR(I—-U)""
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Derivation of Properties

APD =R(I—J)
P(I—U)=R
AP =R(I—])D!
P=R(I-U)""

Diagonal[RTR]
RTAP=RTR(I—])D!
RTP=RTR(I-U)"!

UpperTriangular[RTP] — LowerTriangular[PTR]
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Derivation of Properties

APD =R(I—J)
P(I—U)=R
AP =R(I—])D!
P=R(I-U)""

Diagonal [RTR]
RTAP=RTR(I—])D!
RTP=RTR(I-U)"!
UpperTriangular[RTP] — LowerTriangular[PTR]

PTAP=PTR(I—J)D!
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Loop Invariant Identification: Feasibility

Initially, Ry, Pg,... have size n x 0.

{(Re [ rr),Urr, Pr, Dy, (Xp [ xr)} := CG (A, Rrep, X1 €0)
-1
urg == — (PLAPL)  PAmg

PR :=TrR + PLurR
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Loop Invariant Identification: Feasibility

Initially, Ry, Py,... have size n x 0.

{TR,@,@,@,XR}: CG (A,TR,XR)

PR =TR
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Loop Invariant Identification: Feasibility

Initially, Ry, Py,... have size n x 0.

{TR,@,@,Q,XR}: CG (A,TR,XR)
PR = TR

Preprocessing operation: pr := TR
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