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Objective: generation of algorithms

. Arrp | ATr )
Partition A —
(ABL ABR

where A7 is0 x 0

While n(ArL) < n(A) do
Aoo]Ao1|Ao2
A A
(ﬁlﬁ)ﬁ (AIO A1 A12>
LU = A —_— Az0|A21|A22
Aor = Loy Aoy

Ao = A10Uy,"
A1 = LU(A11 — AipAo1)

Aoo|Ao1|Ao2
<3TL QTR><— Ai1o|A11]A12
BLIEBR Az0|A21]A22

endwhile
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Objective: generation of algorithms

. Arrp | ATr )
Partition A —
(ABL ABR

where A7 is0 x 0

While n(ArL) < n(A) do
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A1 = LU(A11 — AipAo1)

Aoo|Ao1|Ao2
<3TL QTR><— Ai1o|A11]A12
BLIEBR Az0|A21]A22

endwhile

@ We aim at loop-based algorithms @ Loop invariants needed beforehand
@ Correct by construction J
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Objective: generation of algorithms

. Arrp | ATr )
Partition A —
(ABL ABR

where A7 is0 x 0

While n(ArL) < n(A) do
Aoo]Ao1|Ao2
A A
(ﬁlﬁ)ﬁ (AIO A1 A12>
LU = A —_— Az0|A21|A22
Aor = Loy Aoy

Ao = A10Uy,"
A1 = LU(A11 — AipAo1)

Aoo|Ao1|Ao2
<3TL QTR><— Ai1o|A11]A12
BLIEBR Az0|A21]A22

endwhile

@ We aim at loop-based algorithms @ Loop invariants needed beforehand
@ Correct by construction @ Loop invariants come from the PMEJ
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Example of PME unGESY

Cholesky Factorization

LLIT=A
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Example of PME unGESY

Cholesky Factorization

LLIT=A
or in explicit form:

L:=T(4)
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Example of PME unGESY

Cholesky Factorization

LLIT=A
or in explicit form:

L:=T(4)

Partitioned Matrix Expression:

LTL ES F(ATL) | *
Lpr = AprLyt | Ler =T(App — LrL%,)

an
(C[C]]
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Automation unifERIRY

Mechanical process: can be automated )

Symbolic System

Algorithms

Operation
Description

Input Output

Loop
Invariants
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Outline unit e

e Automatic Generation of PMEs
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Operation Description

An example: LU Factorization

Symbolic System

Operation - Suiririuiriut , Pattern |
Fattonng £ Matching [T EME
LU=A"?
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Operation Description

An example: LU Factorization

Symbolic System

Operation - Suiririuiriut , Pattern |
Fattonng £ Matching [T EME
Xy =27
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Operation Description

An example: LU Factorization

Symbolic System

Operation - Suiririuiriut , Pattern |
Fattonng £ Matching [T EME
Xy =27

Z — XY
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Operation Description

An example: LU Factorization

Symbolic System

Operation - Suiririuiriut , Pattern |
RS iy -
Xy =27
Z+ XY X+ zZy—1 Y+ X1Z
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Operation Description

An example: LU Factorization

Symbolic System

Operation - Suiririuiriut , Pattern |
PG iy | P
Xy =27
Z+— XY X« zy! Y« X1z XY 7
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Operation Description

An example: LU Factorization

Operation
Description

Symbolic System

=S triairiuiat , Pattern |
_________ 777771 Matching I L

frre i {Input(A) A EzistsLU(A) A
Output(L) A LowTriUnit(L) A
Output(U) A UppTri(U)}

fPost : {LU = A}

f: {L,U}:=LUA) =
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Partitioning

An example: LU Factorization

Operation
Description

Symbolic System

S oo ! Pattern !
_________ 777771 Matching I L

Lrr | Ltr )
L —
( Lpr | Ler
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Partitioning

An example: LU Factorization

Operation
Description

Symbolic System

S ririalrRole ,  Pattern !
_________ 77777 Matching T PME

L — (L) where L is lower triangular
Lo (Ipk)

L
L — ‘

B

L ,
L — ( L 0 ) where L1 & Lgg are lower triangular
Lgr | Ler
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Partitioning

An example: LU Factorization

Operation
Description

Symbolic System

S ririalrRole ,  Pattern !
_________ 77777 Matching T PME

L — (L) where L is lower triangular
Lo (Ipk)

L
L — ‘

B

L ,
L — ( L 0 ) where L1 & Lgg are lower triangular
Lgr | Ler

Our system keeps track of the properties [A]l]
y p prop oEE
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Partitioning

An example: LU Factorization

Symbolic System

Operation g-iuririgirivia g , Pattern |
(AT P Matching | PME

Partitioned postcondition:

LU =A
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Partitioning

An example: LU Factorization

Operation
Description

Symbolic System

S oo ! Pattern !
_________ 777771 Matching I L

<LTL 0 >():<ATL ATR)
LBL LBR ABL ABR
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Partitioning

An example: LU Factorization

Operation
Description

Symbolic System

S ririalrRole ,  Pattern !
_________ 77777 Matching T PME

< Lrp e | ATr >
LBL LB L ABR

‘ Non-Conformal Partitioning ‘
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Partitioning

An example: LU Factorization

Symbolic System

Operation “Banore-s Pattern |
S aiy |
Partitioned postcondition:

LU =A
3
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Partitioning

An example: LU Factorization

Operation
Description

Symbolic System

S oo ! Pattern !
_________ 777771 Matching I L

Does not decompose the operation
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Partitioning

An example: LU Factorization

Operation
Description

Partitioned postcondition:

Symbolic System

seoooocooy , Pattern |
Matching !

PME

LU =A
4

<LTL| 0 >(UTL|UTR>(ATL|ATR>
LpL | Lsr 0 | Usr Apr | Asr
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Partitioning

An example: LU Factorization

Symbolic System

Operation g-iuririgirivia g :— " Pattern _‘:
(AT P Matching | PME

Partitioned postcondition:
LU =A
3

<LTL| 0 >(UTL|UTR>(ATL|ATR>
LpL | Lsr 0 | Usr Apr | Asr

Only the feasible ones are generated!
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Partitioning

An example: LU Factorization

Operation
Description
Symbolic computation:
(LTLl 0 )(UTLlUTR>:(ATL|ATR>
Lpr | Ler 0 |Usr Apr | ABr
3

( Ly Urp = Arg | Lt Urgr = Arr >

Symbolic System

SSInITToN , Pattern |
Partitioning + - - - >: Matching '.' S PME

LprUrr = Ay | LprUrr+ LerUpr = Agg
[A] 1]
c[e]s]
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Pattern Matching

An example: LU Factorization

Operation
Description

Symbolic System

Pattern
Matching

Input / Output:

Ly Urr = Arp

Ly Urr = Arr

(

LpirUrr = Ay,

Ly Upr, = Arp,

)

LprLUrr + LprUBr = Agp
J

Ly Urr = Arr

(

Fabregat & Bientinesi (AICES, RWTH Aachen)

LprUrp = AL

)

September 23rd, 2010

LprUrgr + LerUBr = App
[A]l]
c[e[s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation =S iriiriuinl  Pattern —:
(AT ST Matohing | PME

Pattern matching and algebraic manipulation:

Ly Urp = Arg | Lt Urr = ATr
LprUrr = Ay, | LprUrgr+ LerUBr = App
3
{Lrr,Urr} = LU(A7p) | Lt Urgr = Arr
LprUrr = Ay | LprUrg + LerUpr = App
an
cle]s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation - Spiririirigi g " Pattern !
B Ii’a_rilt_lcinlrlg_ s >{ Matching :'_ --->_PME

Pattern matching and algebraic manipulation:

{Lrr,Urr} = LU(ArL) LrUrr = Arr
LprUrr = Ay, LprUrgr + LerUpr = Agg
N[
{Lr1,Urr} = LU(ArL) LrUrr = A7r
LprUrr = Ay LprUrg + LerUpr = App
[A] 1]
c[e]s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation - Spiririirigi g " Pattern !
B Ii’a_rilt_lcinlrlg_ s >{ Matching :'_ --->_PME

Pattern matching and algebraic manipulation:

{Lrr,Urr} = LU(ArL) LrUrr = Arr
LprUrr = Ay, LprUrgr + LerUpr = Agg
(2
{Lr1,Urr} = LU(ArL) Urr = L7 Arr
Lpr, = ABLU:FLl LprUrr + LprUBr = App
[A] 1]
cle]s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation =S iriiriuinl  Pattern —:
(AT ST Matohing | PME

Pattern matching and algebraic manipulation:

{Lrr,Urp} = LU(Ary) | Urr = L7; Arg
Lpr = AprUs; | LprUrgr + LerUpr = Agg

4

( {Lr1,Uri} = LU(Arr) | Urp=TRSM(L7E, Arg) )

Lpr, = TRSM(AgrL,Us}) | LprUrr + LerUBr = App
an
c[e[s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation - Spiririirigi g " Pattern !
B Ii’a_rilt_lcinlrlg_ s >{ Matching :'_ --->_PME

Pattern matching and algebraic manipulation:

{L7r,Urp} = LU(A7L) Urr = TRSM(L;7, Arr)
LBLZTRSM(ABL,UEI%) LBLUTR+LBRUBR:ABR

(3
( {Lrr,Urr} = LU(ArL) Urr =TRSM (L TL, Arg) )

Lpp =TRSM(Ap,Uz;) | LeLUrr + LerUsr = Agp
[A] 1]
c[e]s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation oot -y Pattern —:____
. 2aTioUe oo Matehing | PME

Pattern matching and algebraic manipulation:

{L7r,Urp} = LU(A7L) Urr = TRSM(L;7, Arr)
LBLZTRSM(ABL,UEI%) LBLUTR+LBRUBR:ABR

4

( {Lrr,Urr} = LU(ArL) Urr =TRSM (L TL, Arg)

Lpr, = TRSM(AgL,Us;) | LerUpr = Agr — LerUrr
[A] 1]
c[e]s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation oot -y Pattern —:____
. 2aTioUe oo Matehing | PME

Pattern matching and algebraic manipulation:

{Lrr,Urp} = LU(Ary) | Urr=TRSM(L;;,Arr)
LBL = TRSM(ABL, Uf;[%) | LBRUBR = ABR - LBLUTR

[All]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation oot -y Pattern —:____
. 2aTioUe oo Matehing | PME

Pattern matching and algebraic manipulation:

{Lrr,Urp} = LU(Ary) | Urr=TRSM(L;;,Arr)
LBL = TRSM(ABL, Uf;[%) | LBRUBR = ABR - LBLUTR

‘ ExiStSLU(ABR—LBLUTR) ? ‘
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Existence of LU oY

ExistsLU(Apr — Lpr,Urgr) ? )

A_><ATL ATR)

Apr | ABr
ExistsLU(A) ExistsLU(Aryp) A
full rank(A) EzistsLU(Apr — AprLA7; ATR)
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Existence of LU oY

ExistsLU(Apr — Lpr,Urgr) ? )

A_><ATL ATR)

Apr | ABr
ExistsLU(A) ExistsLU(Aryp) A
full rank(A) EzistsLU(Apr — AprLA7; ATR)

ElZStS’LU(ABR — LBLUTR) = Ea:zetsLU(ABR — ABLA;}/ATR) ?
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Existence of LU oY

ExistsLU(Apr — Lpr,Urgr) ? )

A_><ATL ATR)

Apr | ABr
ExistsLU(A) ExistsLU(Aryp) A
full rank(A) EzistsLU(Apr — AprLA7; ATR)

ElZStS’LU(ABR — LBLUTR) = Ea:zetsLU(ABR — ABLA;}/ATR) ?

Lpr — AptUs} 5 Urr — Ly Arr 5 L+ Urp — Arg
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Existence of LU oY

ExistsLU(Apr — Lpr,Urgr) ? )

A_><ATL ATR)

Apr | ABr
ExistsLU(A) ExistsLU(Aryp) A
full rank(A) EzistsLU(Apr — AprLA7; ATR)

ElZStS’LU(ABR — LBLUTR) = Ea:zetsLU(ABR — ABLA;}/ATR) ?
Lpr — AptUs} 5 Urr — Ly Arr 5 L+ Urp — Arg

LprUrg = AprUs; Lyp Arr = Apr(LrrUrr) *Arg = Apr Az} Arr
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation =S iriiriuinl  Pattern —:
(AT ST Matohing | PME

Pattern matching and algebraic manipulation:

{Lrr,Urp} = LU(Ary) | Urr=TRSM(L;;,Arr)
LBL = TRSM(ABL, Uf;[%) | LBRUBR = ABR - LBLUTR

4

( {Lrr,Urr} = LU(Ar) | Urr = TRSM (L7}, Arg) )

Ly, = TRSM(ABL,U;[{) | {LBRaUBR} = LU(ABR = LBLUTR) 0B
A
c[e[s]
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Pattern Matching

An example: LU Factorization

Symbolic System

Operation oot -y Pattern —:____
. 2aTioUe oo Matehing | PME

Pattern matching and algebraic manipulation:

{L7p,Urp} = LU(A7L) Urr = TRSM(L;7, Arr)
Lpr =TRSM(ApL,Ur;) | {LBr,Usr} = LU(Agp — LLUrr)
(3
{Lr1,Urr} = LU(ArL) Urr = TRSM (L7, ATR)
Lpp =TRSM(ApL,Uz}) | {Lsr,Usr} = LU(Agp — LeLUrg) —
A
cle]s]
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Partitioned Matrix Expression

An example: LU Factorization

Symbolic System

Operation “papnoc-~s , Patten |
B - e (U
PME:
{Lry,Urp} = LU(A7s) | Urr = TRSM(L;1, ATR)
Lgr, = TRSM(Apr,Ugrp) | {LBr,Upr} = LU(Agr — LrUrR)

[All]
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Outline unit e

© PME Examples
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Example 1 - Sylvester oY

Sylvester Equation:
LX+XU=C J

fere: {Input(L,U,C) A Output(X) A
f: X=QUL,UC) = LowTri(L) A UppTri(U)}
frost : {LX + XU =C}

[All]
=E8
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Example 1 - Sylvester oY

Sylvester Equation:
LX+XU=C J

f: X=QUL,UC) = LowTri(L) A UppTri(U)}
frost : {LX + XU =C}

4

(or) - () () + (55
Cg Lpr | Ler XB XB

{ fere: {Input(L,U,C) A Output(X) A

[All]
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Example 1 - Sylvester oY

Sylvester Equation:
LX+XU=C J

f: X=QUL,UC) = LowTri(L) A UppTri(U)}
frost : {LX + XU =C}
4
CT . LTL | 0 XT XT
(CB>_<LBL|LBR><XB>+<XB)U
4

( Xr =QLrr,U,Cr) )
Xp =QLpr,U,Cp — LprXrT)

{ fere: {Input(L,U,C) A Output(X) A
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Example 1 - Sylvester oY

Sylvester Equation:
LX+XU=C J

f: X=QUL,UC) = LowTri(L) A UppTri(U)}

frost 1 {LX + XU =C}
U

{ fere: {Input(L,U,C) A Output(X) A

(CLIOR)=L(XL|XR)+(XL|XR)(UTL UTR>

0 | Usr

[All]
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Example 1 - Sylvester oY

Sylvester Equation:
LX+XU=C J

f: X=QUL,UC) = LowTri(L) A UppTri(U)}

frost 1 {LX + XU =C}
Y

{ fere: {Input(L,U,C) A Output(X) A

(CLIOR)=L(XL|XR)+(XL|XR)(UTL UTR>

0 | Usr

\
( X0 =QL,Ur.,CL) | Xp =QL,Upr,Cr — X Urg) )

[All]
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Example 1 - Sylvester oY

Sylvester Equation:
LX+XU=C J

fere: {Input(L,U,C) A Output(X) A
f: X=QUL,UC) = LowTri(L) A UppTri(U)}

frost : {LX + XU =C}
Crr |CTr _ Lty
Cpr |CBR Lpr

0 Xrr | XTR n X7 | XTR Urr |Urr
Lgr XBL |XBR XBL |XBR 0 ‘UBR
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Example 1 - Sylvester oY

Sylvester Equation:
LX+XU=C J

fere: {Input(L,U,C) A Output(X) A
f: X=QUL,UC) = LowTri(L) A UppTri(U)}

frost : {LX + XU =C}
Crr |CTr _ Lty
Cpr |CBR Lpr

0 Xrr XTRr Urr |Urr
Lpr XBrL XBR 0 ‘UBR

XTr n XL
XBR XBL
( Xrp = 9Ly, Urr, Orr) ‘ X7r = QL7L:UBR: TR — XTLUTR) )

Xpr = QULBR:UrL,CBL — LBLXTL) ‘ XBR = ULBR,UBR:®BR ~ LBLXTR —~ XBLUTR)
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Example 2 - Reduction unifERIRY

Reduction to Standard Form:
LBLT = A J

LowTri(L) A Symmetric(A, B)}

frre: {Input(A,L) A Output(B) A
) =
{ fPost : {LBLT = A}

[All]
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LBLT = A J

frre: {Input(A,L) A Output(B) A

f: B:=®(AL) = LowTri(L) A Symmetric(A, B)}
frost : {LBLT = A}
I
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frre: {Input(A,L) A Output(B) A
f: B:=®(AL) = LowTri(L) A Symmetric(A, B)}

frost : {LBLT = A}
LTL AgL
LBL ABR

i ar i
0 Brr|B%, LT L5\ [ Are
0
Lgr Bpr |Br 0 ‘LBR ABL
Brp = ®(Arr, L) ‘ *
T T
Bpr = ®(ABr — LBLBrrLLpr —LBRBBLLBL
T pI0
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Conclusions oY

@ Minimum amount of knowledge:

o Input and output operands
o Size of the operands

e Structure of the operands: triangularity, symmetry, ...
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Conclusions oY

@ Minimum amount of knowledge:
o Input and output operands
o Size of the operands

e Structure of the operands: triangularity, symmetry, ...

@ Knowledge implemented IN the system:

e Basic matrix algebra
e Pattern matching

@ Properties inheritance
@ Theorems

@ One step closer to the full automatic generation of algorithms.
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