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General idea

From description of the target operation to algorithms and code

DLA kernels: matrix products, factorizations, linear systems, ...

Main focus of the talk: generation of algorithms

Algorithms — FLAME methodology (correct by construction)
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Outline

@ FLAME: Notation and methodology
@ Click: Automating the FLAME methodology

@® Conclusions
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Algorithm

Triangular system with multiple right-hand sides

Puwe: {B=B A L=L A LowerTriangular(L)}

Poos: {X:=L"'B A B:=X}
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Algorithm

Triangular system with multiple right-hand sides
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Algorithm

Triangular system with multiple right-hand sides

T T
X }\.1] b]

X2 b Lo B,
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Algorithm

Triangular system with multiple right-hand sides

)CIT 3=b]T/}\,11 }\.1] b]T

X2 b Lo B,
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Algorithm

Triangular system with multiple right-hand sides

)CIT 3=b]T/}\,11 }\.1] b]T

Xy =Xy — x| b Lo B
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Algorithm

Triangular system with multiple right-hand sides

xr Lry, Br

Xp Lp. Lpr Bg
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Algorithm

Triangular system with multiple right-hand sides

Xo Lo By
o B Iy [ by
X; Log | I Ly B,
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Algorithm

Triangular system with multiple right-hand sides

Xo Loy By
)CIT Z=b]T/}\,11 IITO }\,11 b]T
X, Lo b1 | Ly B,
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Algorithm

Triangular system with multiple right-hand sides

Xo Loy By
)CIT Z=b]T/}\,11 IITO }\,11 b]T
X :=Xo — x| Ly | I Ly B>
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Algorithm

Triangular system with multiple right-hand sides

Xr Lry Br

Xp Lg, Lgg Bp
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Algorithm

Triangular system with multiple right-hand sides

Diego Fabregat | Click: A code generator for linear algebra kernels 4/43



FLAME algorithm

& LTL : > < BT >
Partition L — ,B— | ——
( Lg, | Lgr Bg

where L7; is0x0,and Bris0xn

while size(Br) < size(B) do

Repartition
Lol 0] 0 By
L 0 B
(1) (e ) (@) (%
BLI=BR Loo| o1 |L22 8 B
where A1is1x1,and b] is 1xn
bl == b] /A4
Bz = BZ — 121 b1T
Continue
Loo 010 E%
—I— — /10 111 0 =) 2]_
Lollen Log| ko1 |L22 Be B
endwhile
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o Captures the mathematical

notation
e Farewell to indices
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Outline

@ FLAME: Notation and methodology
Methodology: Correct by construction
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FLAME methodology

We need a priori:
« Precondition (Ppre)
» Postcondition (Ppos)
» Loop invariant

Loop invariant expresses the state of the computation at
certain points of loop:

» Before the first iteration
» At the beginning and end of each iteration
o After the last iteration
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Loop invariant

Xr =Ly, Br Liy, Br

Xp = Bg — LpL Xt - Lgy, Lgr Bp
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Loop invariant

Xo Ly By
X7 _ I 1T0 Art bt
X2 Lo | I Ly, B,
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Loop invariant

Xo Ly By
xi=b1 /A Iy [An b{
Xo :=Xo — byxt Loo | Iy Ly B,
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Loop invariant

Xr =Ly} Br Lyt Br

Xp = Bp — LpL Xt Lgr, Lgg Bp
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Loop invariant

X7 := Ly Br

XB = BB _LBLXT
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The worksheet

Step | Skeleton
1a {Ppre}
4 Init
2 {Pinv}
3 While G do
2 {Pinv}
5a Repartition
6 {Pbefore}
8 Updates
7 {Pafter}
5b Continue
2 {Pinv}
3 end
2,3 {Pinv A _‘G}
1b {Ppost }

Diego Fabregat | Click: A code generator for linear algebra kernels

10/43



The worksheet

Step | Skeleton Step | Skeleton
1a | {Por} 1la | {L=LAB=BALowTri(L)}
4 Init 4 Init
2 {Pinv} 2 {Pinv}
3 While G do 3 While G do
2 {Pinv} 2 {Pinv}
5a Repartition 5a Repartition
6 {P before} 6 {P before}
8 Updates 8 Updates
7 {P after} 7 {P a.fter}
5b Continue 5b Continue
2 {Pinv} 2 {Pinv}
3 end 3 end
2,3 {Pinv/\_‘G} 2,3 {Pinv/\_‘G}
1b {Pposl} 1b {X:=L"BAB:=X}
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The worksheet

Step | Skeleton Step | Skeleton

1a | {Por} 1la | {L=LAB=BALowTri(L)}
4 Init 4 Init
2 (P} 2 {X7r = Ly/BrAXg=Bg— L. X7}
3 While G do 3 While G do
2 {Piv} 2 {Xr =L{/BrAXg=Bg—Lg X1}
5a Repartition 5a Repartition
6 {P before} 6 {P before}
8 Updates 8 Updates
7 {P after} 7 {P a.fter}

5b Continue 5b Continue
2 {Piv} 2 {Xr =Ly/BrAXg=Bg—Lg X1}
3 end 3 end

2,3 {Pinv/\_‘G} 2,3 {XT:L;'ZBT/\XB:BB_LBLXT /\_‘G}
1b {Ppost} 1b {X:=L"BAB:=X}

Diego Fabregat
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The worksheet

Step | Skeleton
1a | {L=LAB=BALowTri(L)}
4 Init
2 {XT = L;-Z Br AXg=Bg— LBLXT}
3 While X7 < X do
2 {Xr = L7 Br N Xg = Bg — Lg X7}

5a Repartition

6 {Pbefore}

8 Updates

7 {Pafter}
5b Continue

2 {XT = L;-Z Br AXg = BB_LBLXT}
3 end

23 | {Xr=L7/BrAXg=Bg—Lg X7 A=(Xr < X)}
1b {X:=L"B A B:=X}
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The worksheet

Diego Fabregat

Step | Skeleton
1a {L=LAB=BALowTri(L)}
4 X%(Xr>whereXT is Oxn, ...
Xg
2 {Xr =Ly Br NXg = Bg — Lg X7}
3 While X7 < X do
2 {XT = L;—Z Br AXg=Bg— LBLXT}
5a Repartition
6 {Pbefore}
8 Updates
7 {Pafter}
5b Continue
2 {Xr =Ly Br AXg=Bg— Lg X7}
3 end
2,3 | { Xr=L7'BraXsg=Bg—Lg X7 A—(XT < X)}
1b {X:=L"'BAB:=X}

Click: A code generator for linear algebra kernels
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The worksheet

Diego Fabregat

Step | Skeleton
1a {L=LAB=BALowTri(L)}
4 X%(Xr>whereXT is Oxn, ...
Xg
2 {Xr =Ly Br NXg = Bg — Lg X7}
3 While X7 < X do
2 {XT = L;—Z Br AXg=Bg— LBLXT}
X X0
5a )~ [ Tx where x] is1xn, ...
Xg 1
Xo
6 {Pbefore}
8 Updates
7 {Pafter}
X fxf’
5b < XT ) ~ | x
B X,
2 {Xr=L7/BrAXg=Bg—Lg Xr}
3 end
2,3 | { Xr=L3'BraXg=Bg—Lg X7 A—(XT < X)}
1b {X:=L"'B A B:=X}
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11/43



Step

Skeleton

1a | {L=LAB=BALowTr(L)}
4 X—><i>wherexri30xn,...
Xp
2 {Xr=L7!Br AXg = Bg— Lg X7}
3 While X7 < X do
2 {XT e L;—Z BT/\XB:BB_LBLXT}
X Xo
5a ( T)—> X7 where x] is1xn, ...
XB 1
Xo
6 {Xo=Lyg BoAx{ =b] —I[;Xo A Xo = Bo— Lo Xp}
8 Updates
7 {XO = La(; BO AX1T = (b1T = l{’;)XO)/Aﬂ /\X2 = BQ = L20X0 = /21 X1T}
Xo
X
5b ( XT ) — X1
B X2
2 {Xr = L3} Br AXg = Bg — Lg X7}
3 end
2,3 | {Xr=L7BrAXg=Bg—Lg X7 AXr < X}
1b {X:=L"BAB:=X}

Diego Fabregat
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Step

Skeleton

1a | {L=LAB=BALowTr(L)}
4 X—><i>wherexri30xn,...
Xp
2 {Xr=L7!Br AXg = Bg— Lg X7}
3 While X7 < X do
2 {Xr=L7!Br AXg = Bg— Lg X7}
X Xo
5a ( T)—> X7 where x] is1xn, ...
X5 1
Xo
6 {Xo=Log BoAx{ =b] —I[;Xo AXo = Bo — Lo Xo}
8 X1T = X1T/l11 AN Xo=Xo— oy X1T
7 {Xo = L&; Bo /\X1T = (b1T — I17E)X0)/A'11 /\X2 = Bz - L20X0 = 121 X1T}
Xo
X
5b ( XT ) — Xq
B X2
2 {Xr = L3} Br AXg = Bg — Lg X7}
3 end
2,3 | {Xr=L7BrAXg=Bg—Lg X7 AXr < X}
1b {X:=L"BAB:=X}

Diego Fabregat

Click: A code generator for linear algebra kernels

12/43



Outline

@ Click: Automating the FLAME methodology
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3 Step generation of algorithms

» CL1cK implements the FLAME methodology in 3 stages:

Operation

Description

(INPUT)

Diego Fabregat

PME
PME |0 | Loop
Generation Identification

Click: A code generator for linear algebra kernels

Loop
Invariants

Algorithm
Construction

Algorithms
(OUTPUT)
_>
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Input - Description of target operations

|
Operations are described by means of two predicates:

The Precondition (P,.) and the Postcondition (Ppost)-

Example: Triangular Continuous-time Sylvester Equation

Ppre : {Input(L) AMatrix(L) ALowerTriangular(L)A
Input(U) AMatrix(U) AUpperTriangular(U)A
X:=Q(LU,C)= Input(C) AMatrix(C) AOutput(X)AMatrix(X)}

Prost : {LX + XU = C}.
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What'’s behind it

Built-in knowledge |

« Operators: +, —, x, ', T

» Basic algebra:

( A1 XT 4+ ATRXB > . < An | Arr ) " ( XT >
ApLXT + ABRrXB AL | Asr XB
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What'’s behind it

Built-in knowledge I

« Properties: triangular, symmetric, diagonal, ...

« Inheritance of properties:

(L)2x2 A LowerTriangular(L) —

P(
A LowerTriangular(Ly, Lggr)
Lp.|Lsr

o P(S)oxo A Symmetric(S) —

St.|StR _
A Symmetric(St., Ser) A SpL == Sip

SpL | Ser
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What'’s behind it

Built-in knowledge I

« Inference rules for each property:
o L=Lyx LyALowerTriangular(Ly,Ly) — LowerTriangular(L)
o L=Ly+ Ly ALowerTriangular(L+,Ly) — LowerTriangular(L)
o S= 8+ So A Symmetric(Sy, S2) — Symmetric(S)

« Simplications:
c ATxA— 1
« AT A Symmetric(A) — A
o (AT — A
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What'’s behind it

Learning

« How does a system recognize a recursive call to an operation that
it is not initially known?

« CL1CcK must incorporate a mechanism to extend its
knowledge-base dynamically

» For each target operation, CL1CK creates a corresponding pattern:

LX+ XU = C A Input(L,U,C) N Output(X) A
LowerTriangular(L) N UpperTriangular(U) — X = Q(L,U, C)

Diego Fabregat | Click: A code generator for linear algebra kernels 19/43



PME generation

PME Generation
Operation Partitioned -~
Description —— Postcondition Matrix i:;atter;; PMEs
Partitioning Arithmetic Matching >
v
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PME generation

Partitionings

« We consider the partitionings 1x1, 1x2, 2x1 and 2x2
« Not every combination of partitionings is valid
« Constraints: Operators and properties

Diego Fabregat | Click: A code generator for linear algebra kernels 21/43



PME generation

Partitionings

« We consider the partitionings 1x1, 1x2, 2x1 and 2x2
« Not every combination of partitionings is valid
« Constraints: Operators and properties

« Naive approach: consider the 4#9Pérands compbinations
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PME generation

Partitionings

» We consider the partitionings 1x1, 1x2, 2x1 and 2x2
» Not every combination of partitionings is valid
« Constraints: Operators and properties

« Naive approach: consider the 4#9Pérands compbinations

» CL1CK’s approach: Bottom-up traversal of the expression tree
(using an S-attributed grammar)
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PME generation

Partitionings

binding = (rys, 7rhs)s (Cinss Crhs)/ = \

binding = (cz,rx) | X

/ 0\ /\

binding = (r7,cr) L X X
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PME generation

Partitionings
binding = (rys, 7rhs)s (Cinss Crhs)/ = \
binding = (cz,rx) | X

binding = (r7,cr) L X X

o B={{r,cL.rx,rc},{ru,cu.cx.rx}}
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PME generation

Partitionings

binding = (rys, 7rhs)s (Cinss Crhs)/ = \

binding = (¢, rx) [ X

/ 0\ /\

binding = (r7,cr) L X X

o B={{r,cL,rx,rc},{ru,cu,cx, rx}}
g = |B| — 29 — 1 valid combinations
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PME generation

Partitionings

Ly | 0 X X c
T T - T
‘ X(XB)+<XB>X(U)_(CB>
Lpi|Lpr
Ur|Urr
e (Dx( X | Xa )+ (X | Xp )x | —F——|=(C.|Cr)
0 |Usr
LTL‘ 0 XTL‘XTR XTL‘XTR UTL‘UTH CTL‘CTR
(] X + X =
Lp.|Lpr XaL | XBr XbL | XBr 0 |Ugr CsL|Csr
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PME generation

Find recursive definition

L

(3 () - (55
Lpr

( Ly Xt+X7U=Cr )
L X7+ LgrXg+ XgU = Cp

Lg
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PME generation

Find recursive definition

Lg X7+ LgrXg+XgU = Cpg

|

( Xr=Q(L1,U,Cr) )
Ly X7+ LgrXg+ XgU=Cpg

( Ly Xr+XtU=Cr )
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PME generation

Find recursive definition

Lg X7+ LgrXg+XgU = Cpg

|

( Xr=Q(L7,U,Cr) )
LprXg+ XgU = Cg— L X7

( Xr=Q(L1,U,Cr) )
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PME generation

Find recursive definition

< Xr=Q(L7,U,Cr) )
LprXg+ XgU = Cg— L. XT

|

( Xr=Q(Ly,U,Cr) )
Xg=Q(Lgp,U,Cp—Lp X7)
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PME generation

1 ( Xr=Q(L1,U,Cr) )
Xg=(Lgr,U,Cg—Lp x X7)
2 ( Xe=Q(L, U, Cr) | Xa=9(L,Upgr,Cr— X, x UrR) )
X7 = Q(L1, Ur, Cr1) ‘ Xtr:=Q(L7, Ur, CtR — X1LU7TR)
3

Xgr = (LR, Upr,

XpL = Q(Lgr, Ur, CpL — Lp X71) Can— XoLUrp — Las X77)
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PME generation

Triangular Sylvester Equation (LX + XU = C):

X7 = Q(Ly, U7, Crr) Xtr = Q(L7,Upr, C1r — X7.U7TR)
Xgr = Q(Lgr, Upnr,
Csr— XgLUtr — LBL X7R)

XpL :=Q(Lgr, UrL, Cp — L1 X11)

Triangular Lyapunov Equation (LX + XLT = C):

X7 =ML, Cr) *
Xgr = N(Lgr,
Cer— XarLh — Lar X))

XgL = QLgr, LT, Co— Lpi X71)
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Loop invariants

Loop invariants: subsets of the computation expressed in the PME

PMEs

Diego Fabregat

— Loop Inv. Identification }

Tasks

Decomposition > Graph of
> of the PME Dependencies

Graph

> Graph Subsets

Selection

Loop
Invariants

»
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Tree tiling

ISA:
o store
« fadd

° < o fmul
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What'’s behind it - IV

Building blocks

Completeness:

« A+B

e AxB

o —A

o A1

o« AT

o f(ag,ay,...,an)
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What'’s behind it - IV

Building blocks

Completeness:

e A+ B
e AxB

o —A
° A_‘I
« AT

o f(ag,ay,...,an)

Diego Fabregat

Click: A code generator for linear algebra kernels

e AxB+C
° ATXB+C
° AXBT+C

Extended set:

AT x BT
L 'xB
L-TxB
Bx L1
Bx U!
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Loop invariants

Decomposition of the PME

Example: 2 x 2 Sylvester.

Xr:=Q(Lr, U, Cr1) ‘ Xtr := Q(L11,Upr, CtR — X7.UTR)

Xgr = Q(LgR, Upr,
XpL :=Q(Lgr, Ur, CpL — L1 X11) Can— XeLUra— Lo X7r)
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Loop invariants

Decomposition of the PME

Example: 2 x 2 Sylvester.

Xr:=Q(Lr, U, Cr1) ‘ Xtr := Q(L11,Upr, CtR — X7.UTR)

Xgr = Q(LgR, Upr,
XpL :=Q(Lgr, Ur, CpL — L1 X11) Can— XeLUra— Lo X7r)

@ X :=Q(L7,Ur,Crr)
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Loop invariants

Decomposition of the PME

Example: 2 x 2 Sylvester.

Xr:=Q(Lr, U, Cr1) ‘ Xtr := Q(L11,Upr, CtR — X7.UTR)

Xgr = Q(LgR, Upr,
XpL :=Q(Lgr, Ur, CpL — L1 X11) Can— XeLUra— Lo X7r)

@ Xm:=9Q(L7,Ur,Cn)
@ Ty:=Crr—XnUrr
@ Xrr:=Q(Lm,Usr:Ty)
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Loop invariants

Decomposition of the PME

Example: 2 x 2 Sylvester.

Xr:=Q(Lr, U, Cr1) ‘ Xtr := Q(L11,Upr, CtR — X7.UTR)

Xgr = Q(LgR, Upr,
XpL :=Q(Lgr, Ur, CpL — L1 X11) Can— XeLUra— Lo X7r)

@ Xm:=9Q(L7,Ur,Cn) @ XpL:=(Lgp, UL, T2)
@ Ty:=Crr—XnUrr

@ Xrr:=Q(L1,Upr, T1)

O T,:=Cp —Lp X7
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Loop invariants

Decomposition of the PME

Example: 2 x 2 Sylvester.

Xr:=Q(Lr, U, Cr1) ‘ Xtr := Q(L11,Upr, CtR — X7.UTR)
Xgr = QLpr, Upr,
Csr — XBLUrr — LBLXTR)

XBL = Q(LBR7 UT[_, CBL - LBLXTL)

@ Xr:=Q(Ly,Ur,Cr) ©® XpL:=Q(Lgg, UL, T2)
@ Ty:=Crr—XnLUrr ® T3:=Csr—XgLUrr
@ Xrr:=Q(L1,Upr, T) @ Ty:=T3-LpXtR

O T2:=Cp—LlpXnL ©® Xsr:=(Lpr,Upr, T4)
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Loop invariants

Graph of dependencies

@ Xr:=Q(L7,Ur,Cr) ?
@ Ty:=Crr—XnUrr

®@ Xrr:=Q(L1,Upr, T1)

@O To:=Cp.—Lp X

® XpL:=Q(Lgr, UL, T2) ?

® T3:=Cgr—XpLUtrR ._}

@ Ty=T3-LpXR

® Xsr:=Lpr,Upr, T4) .(_.
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Loop invariants

Subgraph selection

@ X7 :=Q(Ly,Ur,Cr) ?
@ T:=Cg —LpXmL
@ XpL:=(Lgg, B, T2)

X =Ly, U, Crp) ‘75 :-»
XpL = Q(Lpg, Br,CpL — L1 X71) | # . .
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Generation of algorithms

Step | Skeleton
1a | {Ppe}
4 Init
2 {Pinv}
3 While G do
2 {Pinv}

5a Repartition
6 {Pbefore}
8 Updates
7 {Pafter}

5b Continue
2 {Pinv}
3 end

23 | {PwNG}
1b {Ppost}

Diego Fabregat

o We have:

Pore : { Input(L,U,C) A Matrix(L,U,C)
LowerTriangular(L) A
UpperTriangular(U) A
Output(X) A Matrix(X) }

Pust:  {LX+XU=C}.

Liny : Xr=QLy, Ur, Cr) A
Xpr = QLpr, UrL, Cpr — L1 X11)

| Click: A code generator for linear algebra kernels

A
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Generation of algorithms

Step | Skeleton

1a | {Ppe}

4 Init e We can determine: G — X7, < X (s.t.-G— X7, = X)
2 {Pinv} o and thus:

3 While G do Xoy | Xom |

2 {Pinv} X = (Init)

5a Repartition XoL | Xpr

6 {P before} Xoo | Xo1 | Xoz

8 Upda‘tes — Xio | X11 | Xi2 (Repartition)
7 {Paster} Xoo | Xo1 | Xa2

5b Continue Xoo | Xo1 | Xoo

2 {Pinv} - X0 | X11 | Xi2 (Continue)
3 end Xoo | Xo1 | Xaz
23 | {Pm A -G}

1b s |
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Generation of algorithms

Liv:  Xm:=Q(L7,Ur,Cr) A
XL = Q(Lgr, UrL, Cpr — L1 X11)

URepartiﬁon
Linv = (Xo0) := 2((Loo), (Uno), (Coo)) A
X0 Ly1] 0 Cio Lo

— | =9 A(Uoo)s | — | = | — | Xo0)
Xo0 Loy | Lo Cao Log
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Generation of algorithms

Liv:  Xm:=Q(L7,Ur,Cr) A
XL = Q(Lgr, UrL, Cpr — L1 X11)

URepartiﬁon

Linv = (Xo0) := 2((Loo), (Uno), (Coo)) A

Xio Ly1| O Cio Lio
— | =9 (Uoo), | — | = | — | Xo0)
Xo0 Loy | Lo Cao Log

U Fratten

Lyt Xoo := Q(Loo, Uoo; Coo) A
Xi0 := Q(L11, Ugo, C10 — L10Xo0) A
Xo0 := Q(L2z, Upo, C20 — Loo Xoo — L21X10)
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Generation of algorithms

Poefore 1 Xoo := 2(Loo, Ugo, Coo) A
Xi0 := Q(L11, Upo, C10 — L10Xo0) A
Xo0 := Q(Laz, Upo, C11 — L2oXoo — L21 X10)

Patter : Xoo == Q(Loo, Uno: Coo) A

X0 := Q(L11, Uno, C1o — L10Xo0) A

Xoo 1= Q(Laz, Uno, C20 — Lao Xoo — L21X10)

Xo1 := (Lo, U11, Co1 — XooUp1) A
1:=Q(L11,Ur1, Ci1 — LioXo1 — X10Up1) A
Xo1 1= Q(Lo2, Ur1, Co1 — Lo Xo1 — Lot X11 — X0 Up1)

x
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Examples of code

« Too long. See file m10.c
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Outline

@® Conclusions
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Conclusions

« FLAME

« Notation close to “blackboard” algorithm
» Systematic methodology to generate correct algorithms
» CLICK
« Automates the generation in 3 stages
« From description to (PMEs to loop invariants to) algorithms
« Requires
« Linear algebra built-in knowledge
» Learning of operations and PMEs

o Other domains?
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Thank you for your attention!

FLAME:
e The science of deriving dense linear algebra algorithms. Paolo
Bientinesi et al. ACM TOMS.
o Representing Dense Linear Algebra Algorithms: A Farewell to
Indices. Paolo Bientinesi and Robert van de Geijn. FLAWN #17
CLick

o Knowledge-Based Automatic Generation of Partitioned Matrix
Expressions. Diego Fabregat-Traver and Paolo Bientinesi. CASC
2011.

e Automatic Generation of Loop-Invariants for Matrix Operations.
Diego Fabregat-Traver and Paolo Bientinesi. ICCSA 2011.

o Article with the complete FLAME + CL1CK to appear soon.

Financial support from DFG through Grant
Bl 1533/2-1 is gratefully acknowledged

Diego Fabregat | Click: A code generator for linear algebra kernels 43 /43



	FLAME: Notation and methodology
	Methodology: Correct by construction

	Cl1ck: Automating the FLAME methodology
	Conclusions

