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General idea

From description of the target operation to algorithms and code

DLA kernels: matrix products, factorizations, linear systems, ...

Main focus of the talk: generation of algorithms

Algorithms −→ FLAME methodology (correct by construction)
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Outline

1 FLAME: Notation and methodology

2 Cl1ck: Automating the FLAME methodology

3 Conclusions
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Algorithm
Triangular system with multiple right-hand sides

X = L−1 B

Ppre: { B = B̂ ∧ L = L̂ ∧ LowerTriangular(L) }

Ppost: { X := L−1B̂ ∧ B := X }
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Algorithm
Triangular system with multiple right-hand sides

XB = LBR BB
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Algorithm
Triangular system with multiple right-hand sides
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Algorithm
Triangular system with multiple right-hand sides

XT

XB

=

LT L

LBL LBR

BT

BB
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Algorithm
Triangular system with multiple right-hand sides

XT = LT L BT
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FLAME algorithm

Partition L→
(

LTL 0
LBL LBR

)
,B→

(
BT
BB

)
where LTL is 0×0, and BT is 0×n

while size(BT ) < size(B) do
Repartition(
LTL 0
LBL LBR

)
→

L00 0 0
lT10 λ11 0
L20 l21 L22

 ,

(
BT
BB

)
→

B0

bT
1

B2


where λ11 is 1×1, and bT

1 is 1×n

bT
1 := bT

1 /λ11
B2 := B2− l21bT

1

Continue(
LTL 0
LBL LBR

)
←

L00 0 0
lT10 λ11 0
L20 l21 L22

 ,

(
BT
BB

)
←

B0
bT

1
B2


endwhile

Captures the mathematical
notation

Farewell to indices

Diego Fabregat | Cl1ck: A code generator for linear algebra kernels 5 / 43



Outline

1 FLAME: Notation and methodology
Methodology: Correct by construction

2 Cl1ck: Automating the FLAME methodology

3 Conclusions
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FLAME methodology

We need a priori:
Precondition (Ppre)
Postcondition (Ppost)
Loop invariant

Loop invariant expresses the state of the computation at
certain points of loop:

Before the first iteration
At the beginning and end of each iteration
After the last iteration
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Loop invariant

XT = L−1
T LBT

XB = BB−LBLXT
=

LT L

LBL LBR

BT

BB
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Loop invariant

XT := L−1
T LBT

XB := BB−LBLXT
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The worksheet

Step Skeleton
1a {Ppre}
4 Init

2 {Pinv}
3 While G do

2 {Pinv}
5a Repartition

6 {Pbefore}
8 Updates

7 {Pafter}
5b Continue

2 {Pinv}
3 end

2,3 {Pinv∧¬G}
1b {Ppost}

Step Skeleton
1a {L = L̂∧B = B̂∧LowTri(L)}
4 Init

3 While G do

5a Repartition

6 {Pbefore}
8 Updates

7 {Pafter}
5b Continue

3 end

1b {X := L−1B ∧ B := X}
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3 Step generation of algorithms

CL1CK implements the FLAME methodology in 3 stages:

Operation
Description

(INPUT)

Algorithms
(OUTPUT)

PME
Generation

Loop 
Invariant

Identification

Algorithm
Construction

PMEs
Loop

Invariants
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Input - Description of target operations

Operations are described by means of two predicates:

The Precondition (Ppre) and the Postcondition (Ppost).

Example: Triangular Continuous-time Sylvester Equation

X := Ω(L,U,C)≡



Ppre : {Input(L)∧Matrix(L)∧LowerTriangular(L)∧
Input(U)∧Matrix(U)∧UpperTriangular(U)∧
Input(C)∧Matrix(C)∧Output(X )∧Matrix(X )}

Ppost : {LX + XU = C}.
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What’s behind it
Built-in knowledge I

Operators: +, −, ×, −1, T

Basic algebra:(
ATLxT + ATRxB

ABLxT + ABRxB

)
←−

(
ATL ATR

ABL ABR

)
×
(

xT

xB

)
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What’s behind it
Built-in knowledge II

Properties: triangular, symmetric, diagonal, ...

Inheritance of properties:

P(L)2×2∧LowerTriangular(L)−→LTL 0

LBL LBR

∧LowerTriangular(LTL,LBR)

P(S)2×2∧Symmetric(S)−→STL STR

SBL SBR

∧Symmetric(STL,SBR)∧SBL == ST
TR
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What’s behind it
Built-in knowledge III

Inference rules for each property:

L = L1×L2∧LowerTriangular(L1,L2)→ LowerTriangular(L)

L = L1 + L2∧LowerTriangular(L1,L2)→ LowerTriangular(L)

S = S1 + S2∧Symmetric(S1,S2)→ Symmetric(S)

Simplications:

A−1×A−→ I

AT ∧Symmetric(A)−→ A

(AT )T −→ A

Diego Fabregat | Cl1ck: A code generator for linear algebra kernels 18 / 43



What’s behind it
Learning

How does a system recognize a recursive call to an operation that
it is not initially known?

CL1CK must incorporate a mechanism to extend its
knowledge-base dynamically

For each target operation, CL1CK creates a corresponding pattern:

LX + XU = C ∧ Input(L,U,C) ∧ Output(X ) ∧
LowerTriangular(L) ∧ UpperTriangular(U)−→ X = Ω(L,U,C)
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PME generation

PMEs

PME Generation

Partitioning Matrix
Arithmetic

Partitioned
Postcondition

Operation
Description

Pattern
Matching
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PME generation
Partitionings

We consider the partitionings 1×1, 1×2, 2×1 and 2×2
Not every combination of partitionings is valid
Constraints: Operators and properties

Naive approach: consider the 4#operands combinations
CL1CK’s approach: Bottom-up traversal of the expression tree
(using an S-attributed grammar)
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PME generation
Partitionings

L X X U

C

× ×

+

=

binding = (rL,cL)

binding = (cL,rX )

. . .

binding = (rlhs,rrhs), (clhs,crhs)

B = {{rL,cL, rX , rC},{rU ,cU ,cX , rX}}
g = |B| −→ 2g−1 valid combinations
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PME generation
Partitionings

LTL 0

LBL LBR

×( XT
XB

)
+

(
XT
XB

)
× (U) =

(
CT
CB

)

(L)×
(

XL XR
)

+
(

XL XR
)
×

UTL UTR

0 UBR

=
(

CL CR
)

LTL 0

LBL LBR

×
XTL XTR

XBL XBR

+

XTL XTR

XBL XBR

×
UTL UTR

0 UBR

=

CTL CTR

CBL CBR


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PME generation
Find recursive definition

LTL 0

LBL LBR

×( XT
XB

)
+

(
XT
XB

)
× (U) =

(
CT
CB

)

(
LTLXT + XT U = CT

LBLXT + LBRXB + XBU = CB

)
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PME generation
Find recursive definition

(
LTLXT + XT U = CT

LBLXT + LBRXB + XBU = CB

)

(
XT = Ω(LTL,U,CT )

LBLXT + LBRXB + XBU = CB

)
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PME generation
Find recursive definition

(
XT = Ω(LTL,U,CT )

LBLXT + LBRXB + XBU = CB

)

(
XT = Ω(LTL,U,CT )

LBRXB + XBU = CB−LBLXT

)
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PME generation
Find recursive definition

(
XT = Ω(LTL,U,CT )

LBRXB + XBU = CB−LBLXT

)

(
XT = Ω(LTL,U,CT )

XB = Ω(LBR ,U,CB−LBLXT )

)
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PME generation

1
(

XT = Ω(LTL,U,CT )

XB = Ω(LBR ,U,CB−LBL×XT )

)

2
(

XL = Ω(L,UTL,CL) XR = Ω(L,UBR ,CR −XL×UTR)
)

3


XTL := Ω(LTL,UTL,CTL) XTR := Ω(LTL,UBR ,CTR −XTLUTR)

XBL := Ω(LBR ,UTL,CBL−LBLXTL)
XBR := Ω(LBR ,UBR ,

CBR −XBLUTR −LBLXTR)


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PME generation

Triangular Sylvester Equation (LX + XU = C): XTL := Ω(LTL,UTL,CTL) XTR := Ω(LTL,UBR ,CTR−XTLUTR)

XBL := Ω(LBR ,UTL,CBL−LBLXTL)
XBR := Ω(LBR ,UBR ,

CBR−XBLUTR−LBLXTR)



Triangular Lyapunov Equation (LX + XLT = C): XTL := Λ(LTL,CTL) ∗

XBL := Ω(LBR ,LT
TL,CBL−LBLXTL)

XBR := Λ(LBR ,

CBR−XBLLT
BL−LBLX T

BL)


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Loop invariants

Loop invariants: subsets of the computation expressed in the PME

Loop
Invariants

Loop Inv. Identification

TasksPMEs Graph
Graph of

Dependencies
Graph Subsets

Selection
Decomposition

of the PME

Diego Fabregat | Cl1ck: A code generator for linear algebra kernels 30 / 43



Tree tiling

w y

x

× z

+

=

ISA:
load
store
fadd
fmul
. . .
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What’s behind it - IV
Building blocks

Completeness:

A + B
A×B
−A
A−1

AT

f (a0,a1, . . . ,an)

Extended set:

A×B + C
AT ×B + C
A×BT + C
AT ×BT

L−1×B
L−T ×B
B×L−1

B×U−1
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Loop invariants
Decomposition of the PME

Example: 2×2 Sylvester.


XTL := Ω(LTL,UTL,CTL) XTR := Ω(LTL,UBR ,CTR −XTLUTR)

XBL := Ω(LBR ,UTL,CBL−LBLXTL)
XBR := Ω(LBR ,UBR ,

CBR −XBLUTR −LBLXTR)



1 XTL := Ω(LTL,UTL,CTL)

2 T1 := CTR −XTLUTR

3 XTR := Ω(LTL,UBR ,T1)

4 T2 := CBL−LBLXTL

5 XBL := Ω(LBR ,UTL,T2)

6 T3 := CBR −XBLUTR

7 T4 := T3−LBLXTR

8 XBR := Ω(LBR ,UBR ,T4)

Diego Fabregat | Cl1ck: A code generator for linear algebra kernels 33 / 43



Loop invariants
Decomposition of the PME

Example: 2×2 Sylvester.


XTL := Ω(LTL,UTL,CTL) XTR := Ω(LTL,UBR ,CTR −XTLUTR)

XBL := Ω(LBR ,UTL,CBL−LBLXTL)
XBR := Ω(LBR ,UBR ,

CBR −XBLUTR −LBLXTR)



1 XTL := Ω(LTL,UTL,CTL)

2 T1 := CTR −XTLUTR

3 XTR := Ω(LTL,UBR ,T1)

4 T2 := CBL−LBLXTL

5 XBL := Ω(LBR ,UTL,T2)

6 T3 := CBR −XBLUTR

7 T4 := T3−LBLXTR

8 XBR := Ω(LBR ,UBR ,T4)
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Loop invariants
Graph of dependencies

1 XTL := Ω(LTL,UTL,CTL)

2 T1 := CTR −XTLUTR

3 XTR := Ω(LTL,UBR ,T1)

4 T2 := CBL−LBLXTL

5 XBL := Ω(LBR ,UTL,T2)

6 T3 := CBR −XBLUTR

7 T4 := T3−LBLXTR

8 XBR := Ω(LBR ,UBR ,T4)

1 2

3

4

5

7

6

8
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Loop invariants
Subgraph selection

1 XTL := Ω(LTL,UTL,CTL)

4 T2 := CBL−LBLXTL

5 XBL := Ω(LBR ,BTL,T2)

 XTL := Ω(LTL,UTL,CTL) 6=

XBL := Ω(LBR ,BTL,CBL−LBLXTL) 6=



1 2

3

4

5

7

6

8
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Generation of algorithms

Step Skeleton
1a {Ppre}
4 Init

2 {Pinv}
3 While G do

2 {Pinv}
5a Repartition

6 {Pbefore}
8 Updates

7 {Pafter}
5b Continue

2 {Pinv}
3 end

2,3 {Pinv∧¬G}
1b {Ppost}

We have:

Ppre : { Input(L,U,C) ∧ Matrix(L,U,C) ∧
LowerTriangular(L) ∧
UpperTriangular(U) ∧
Output(X) ∧ Matrix(X) }

Ppost : {LX + XU = C}.

Linv : XTL := Ω(LTL,UTL,CTL) ∧
XBL := Ω(LBR ,UTL,CBL−LBLXTL)
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Generation of algorithms

Step Skeleton
1a {Ppre}
4 Init

2 {Pinv}
3 While G do

2 {Pinv}
5a Repartition

6 {Pbefore}
8 Updates

7 {Pafter}
5b Continue

2 {Pinv}
3 end

2,3 {Pinv∧¬G}
1b {Ppost}

We can determine: G→ XTL < X (s.t .¬G→ XTL = X)

and thus:

X →

XTL XTR

XBL XBR

 (Init)

→

 X00 X01 X02
X10 X11 X12
X20 X21 X22

 (Repartition)

→

 X00 X01 X02
X10 X11 X12
X20 X21 X22

 (Continue)

Diego Fabregat | Cl1ck: A code generator for linear algebra kernels 37 / 43



Generation of algorithms

Linv : XTL := Ω(LTL,UTL,CTL) ∧
XBL := Ω(LBR ,UTL,CBL−LBLXTL)

⇓Repartition

Linv : (X00) := Ω((L00),(U00),(C00)) ∧X10

X20

 := Ω(

L11 0

L21 L22

 ,(U00),

C10

C20

−
L10

L20

X00)

⇓Flatten

Linv : X00 := Ω(L00,U00,C00) ∧
X10 := Ω(L11,U00,C10−L10X00) ∧
X20 := Ω(L22,U00,C20−L20X00−L21X10)
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Generation of algorithms

Pbefore : X00 := Ω(L00,U00,C00) ∧
X10 := Ω(L11,U00,C10−L10X00) ∧
X20 := Ω(L22,U00,C11−L20X00−L21X10)

Pafter : X00 := Ω(L00,U00,C00) ∧
X10 := Ω(L11,U00,C10−L10X00) ∧
X20 := Ω(L22,U00,C20−L20X00−L21X10)

X01 := Ω(L00,U11,C01−X00U01) ∧
X11 := Ω(L11,U11,C11−L10X01−X10U01) ∧
X21 := Ω(L22,U11,C21−L20X01−L21X11−X20U01)
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Examples of code

Too long. See file m10.c
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Outline

1 FLAME: Notation and methodology

2 Cl1ck: Automating the FLAME methodology

3 Conclusions
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Conclusions

FLAME
Notation close to “blackboard” algorithm
Systematic methodology to generate correct algorithms

CL1CK

Automates the generation in 3 stages
From description to (PMEs to loop invariants to) algorithms
Requires

Linear algebra built-in knowledge
Learning of operations and PMEs

Other domains?
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Thank you for your attention!

FLAME:

The science of deriving dense linear algebra algorithms. Paolo
Bientinesi et al. ACM TOMS.

Representing Dense Linear Algebra Algorithms: A Farewell to
Indices. Paolo Bientinesi and Robert van de Geijn. FLAWN #17

CL1CK

Knowledge-Based Automatic Generation of Partitioned Matrix
Expressions. Diego Fabregat-Traver and Paolo Bientinesi. CASC
2011.

Automatic Generation of Loop-Invariants for Matrix Operations.
Diego Fabregat-Traver and Paolo Bientinesi. ICCSA 2011.

Article with the complete FLAME + CL1CK to appear soon.
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