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THE SCIENCE OF DERIVING STABILITY ANALYSES
PAOLO BIENTINESI* AND ROBERT A. VAN DE GEIJNT

FLAME Working Note #33

Abstract. We introduce a methodology for obtaining inventories of error results for families of
numerical dense linear algebra algorithms. The approach for deriving the analyses is goal-oriented,
systematic, and layered. The presentation places the analysis side-by-side with the algorithm so
that it is obvious where error is introduced, making it attractive for use in the classroom. Yet the
approach is sufficiently powerful to support the analysis of more complex algorithms, such as blocked
variants that attain high performance. We provide what we believe to be the first analysis of a
practical blocked LU factorization. Contrary to popular belief, the bound on the error is tighter
than that of the corresponding unblocked algorithm.

1. Introduction. Numerical stability analysis related to dense linear algebra
operations is one of the most important topics in numerical analysis. It is part of
almost any introductory and advanced text on numerical linear algebra and earned
one of its pioneers, J.H. Wilkinson, a Turing Award in 1970.

Parlett [2] observes that “One of the major difficulties in a practical analysis
is that of description. An ounce of analysis follows a pound of preparation.” This
suggests the desirability of a standardization of the description of error analyses.
Higham [11] echoes this sentiment: “Two reasons why rounding error analysis can be
hard to understand are that, first, there is no standard notation and, second, error
analyses are often cluttered with re-derivations of standard results.” His statement also
suggests that an inventory of results, to be used in subsequent analyses, is desirable.
We believe that texts and papers alike focus on the error results and their proofs rather
than on exposing a methodology that can be used by practitioners and students to
obtain error results in a systematic way. Especially in a classroom setting, assignments
related to stability analysis reward the recognition of tricks because no systematic
methodology is explicitly passed from a typical instructor to the student.

As part of the FLAME project, we approach such problems differently. As com-
puter scientists, we are interested in the methodology for deriving results as much as,
if not more, than the results themselves. The goal for us is to identify notation and
a procedure that yields the solution and that can, in principle, be made mechanical
(automated). For the problem of deriving algorithms for linear algebra operations we
were able to achieve these objectives: we identified notation and exposed a systematic
procedure that was reproducible by a computer algebra system [3]. In this paper, we
show that the same notation and procedure can be extended to equally systematically
(although not yet mechanically) derive stability analyses.

This paper makes the following contributions:

e The notation we use deviates from tradition. As much as possible we abstract
away from details like indices in an effort to avoid clutter, both in the pre-
sentation of the algorithms and in the error analyses of those algorithms. We
are not alone in this: many texts, (e.g., [8]), partition matrices in analyses.
We believe we do so more systematically and more consistent with how we
present algorithms.
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e In most texts and courses the error results are presented as theorems with
proofs that incorporate one or more obscure tricks, often with different tricks
for different operations. In contrast, we show that the derivation of error
results is a goal-oriented exercise: given an operation and an algorithm that
computes it, a possible error result is motivated and is subsequently estab-
lished hand-in-hand with its proof. The methodology naturally leads to a
sequence of error results that can be catalogued for future reuse. If in an
analysis a subresult has not yet been catalogued, the methodology can be
applied to derive that subresult.

e We motivate and demonstrate the methodology by applying it to a sequence of
progressively more difficult algorithms for which results were already known.
The presentation is such that it can be used as a supplement to a text being
used in a class; this why we took the liberty of including exercises in this
paper.

e We apply the methodology to analyze a blocked algorithm for LU factor-
ization that is closely related to the most commonly used high-performance
algorithm for LU factorization with partial pivoting. We show that the com-
puted L and U factors of matrix A are such that LU = A + M, with
|| < ya g (JA] + |L||U]). The factor Y=+ improves on the known factor
Vn resulting from unblocked algorithms, yielding ,, 4 for a suitable choice of
the block size b.

We do not claim that the approach is different from what an expert does as he/she
analyzes an algorithm. We do claim that we provide structure so that such analyses
can be performed by people with considerably less expertise.

Experience tells us that there are many, including experts, in this particular field
who think at the index level and for whom the abstractions themselves are clutter.
However, we have noticed that our approach often provokes a reaction like “As much
as I have been trying to avoid [stability] analysis for the last ten years, I can only say
that I like [this].” Indeed, this pretty much summarizes our own reaction as we wrote
this paper. One should not dismiss the approach without at least trying some of the
more advanced exercises.

While the paper is meant to be self-contained, full understanding will come from
first reading our paper on the systematic derivation of algorithms in this problem
domain [4]. The reason is that the derivation of the analysis of an algorithm mirrors
the derivation of the algorithm itself, as discussed in the conclusion. It is impossible
for us to give a complete treatment of related work. We refer the reader to Higham’s
book [11], which lists no less than 1134 citations. Other classic references are the
book by Golub and Van Loan [9], Stewart [13], and by Stewart and Sun [14].

The structure of this paper is unusual. Since we claim that the presented ap-
proach makes the subject more accessible to the novice, it is written to a target
audience that includes mathematically sophisticated graduate students who have not
yet been exposed to numerical error analysis and includes exercises. As a result, the
first sections may appear to the expert to be a review of basic notation followed by an
unorthodox presentation of the subject. In Section 2, we review notation for captur-
ing and analyzing error. In Section 3, we analyze error accumulated when computing
the inner (dot) product. We also use this section to introduce what we call the “error
worksheet” | first as a framework for capturing the inductive proof, of how error accu-
mulates and next as a tool for constructively deriving the error analysis. This helps
relate the new approach to the more traditional analysis that is usually presented in a
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classroom setting. Next, the results for the dot product are used as part of the anal-
ysis of an algorithm for the solution of a triangular system of equations, in Section 4.
This demonstrates how the error worksheet organizes the analysis of an algorithm for
a somewhat more complex operation. The level of sophistication is stepped up an-
other notch in Section 5 where an (unblocked) LU factorization algorithm is analyzed.
Through these first sections, the paper is a slow crescendo that yields only well-known
results. The climax comes in Section 6: an analysis for a blocked LU factorization
that yields a tighter bound for the error! The paper concludes with a discussion of
what the new error result means for a practical blocked LU factorization and, more
importantly, of new opportunities that are enabled by the proposed methodology.

2. Preliminaries. In this section we present the minimal notation and back-
ground required for this paper.

2.1. Notation. Much of the notation related to error analysis in this paper was
taken and/or inspired by the notation in [11]. We adopt the common convention that
scalars, vector, and matrices will generally be denoted by lower case Greek, lower case
Roman, and upper case Roman letters, respectively. Exceptions include the letters i,
j, k, m, and n, which will denote scalar integers.

The letters T, B, L, R, when used as subscripts of a matrix (vector) X, indicate a
2x1 or a 1x2 partitioning of X, and denote the Top, Bottom, Left, and Right part of
X, respectively. Similarly, the 4 quadrants of a 2x2-partitioned matrix are indicated
by the subscripts TL, TR, BL and BR.

The notation dy, where the symbol § is connected with a scalar variable y, in-
dicates a perturbation associated with the variable y. Likewise, & and AX (A is
connected with X') indicate a perturbation vector and matrix associated with vector
z and matrix X, respectively. In general, variables indicating perturbations are called
error operands.

The functions m(X) and n(X) return the row and column dimension of matrix (or
vector) X, respectively. Finally, we use “A” to represent the logical AND operator.

As is customary when discussing error analyses, we distinguish between exact and
computed quantities. The function [expression] returns the result of the evaluation of
expression, where every operation is executed in floating point arithmetic!. Equality
between the quantities [hs and rhs is denoted by (hs = rhs. Assignment of rhs to lhsis
denoted by lhs := rhs (lhs becomes rhs). In the context of a program, the statements
lhs := rhs and lhs := [rhs] are equivalent. Given an assignment k := expression,
we use the notation & to denote the quantity resulting from [expression|, which is
actually stored in the variable x.

We will denote the machine epsilon or unit roundoff by u. It is typically of the
order of 10~® and 107! for single and double precision arithmetic, respectively?.
The unit roundoff is defined as the maximum positive floating point number which
can be added to the number stored as 1 without changing the number stored as 1:
[14+u]=1.

2.2. Floating point computation. We introduce definitions and results re-
garding floating point arithmetic. In this paper, we focus on real valued arithmetic

L Assuming that the expressions are evaluated from left to right, [z 4+ y 4 z/w] is equivalent to
([[=] + [¥]] + [[2] / [w]]]-

2u is machine dependent; it is a function of the parameters characterizing the machine arithmetic:
u= %ﬁl’t, where (3 is the base and t is the precision of the floating point number system for the
machine.
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only. Extensions to complex arithmetic are straightforward.
The Standard Computational Model (SCM) assumes that, for any two floating
point numbers y and v, the basic arithmetic operations satisfy the equality

[xop¢l=(xopd)(1+e), lef<u, and op €{+ -/}

The quantity e is a function of x, 1 and op. Sometimes we add a subscript (e, €, ... )
to indicate what operation generated the (14 ¢€) error factor. We always assume that
all the input variables to an operation are floating point numbers.

For certain problems it is convenient to use the Alternative Computational Model
(ACM) [11] which also assumes for the basic arithmetic operations that

X op ¥
1+e€

[X op ?/1] = ) |6‘ < u, and op € {+7 _7*7/}'

As for the standard computation model, the quantity € is a function of y, and op.
Note that the €’s produced using the standard and alternative models are generally
not equal.

2.3. Stability of a numerical algorithm. In the presence of round-off error,
an algorithm involving numerical computations cannot be expected to yield the exact
result. Thus, the notion of “correctness” applies only to the execution of algorithms
in exact arithmetic. Here we briefly introduce the notion of “stability” of algorithms.

Let f : D — R be a mapping from the domain D to the range R andlet f : D — R
represent the mapping that captures the execution in floating point arithmetic of a
given algorithm which computes f.

The algorithm is said to be backward stable if for all x € D there exists a perturbed
input # € D, close to x, such that f(z) = f(z). In other words, the computed result
equals the result obtained when the exact function is applied to slightly perturbed
data. The difference between & and z, & = & — x, is the perturbation to the original
input z.

The reasoning behind backward stability is as follows. The input to a function
typically has some errors associated with it. Uncertainty may be due to measurement
errors when obtaining the input and/or may be the result of converting real numbers
to floating point numbers when storing the input on a computer. If it can be shown
that an implementation is backward stable, then it has been proved that the result
could have been obtained through exact computations performed on slightly corrupted
input. Thus, one can think of the error introduced by the implementation as being
comparable to the error introduced when obtaining the input data in the first place.

When discussing error analyses, dr, the difference between x and &, is the back-
ward error and the difference f(z) — f(z) is the forward error. Throughout the
remainder of this paper we will be concerned with bounding the backward and/or
forward errors introduced by the algorithms executed with floating point arithmetic.

2.4. Absolute value of vectors and matrices. In the above discussion of
error, the vague notions of “near” and “slightly perturbed” are used. Making these
notions exact usually requires the introduction of measures of size for vectors and
matrices, i.e., norms. Instead, for the operations analyzed in this paper, all bounds
are given in terms of the absolute values of the individual elements of the vectors
and/or matrices. While it is easy to convert such bounds to bounds involving norms,
the converse is not true.



DEFINITION 2.1. Given z € R"™ and A € R™*™,

Ixol laool - faon-1]
|z| = and |A| =

|Xn—1| |Oém—1,0| |Oém—1,n—1|

DEFINITION 2.2. Let A€ {<,<,=,>,>} and xz,y € R". Then |z| & |y| iff
Ixi| & i, with i = 0,...,n — 1. Similarly, given A and B € R™*" |A|A|B| iff
laij| &8s, withi=0,...,m—1and j=0,...,n—1.

The next Lemma is exploited in later sections:

LEMMA 2.3. Let A € R™** and B € R¥*™. Then |AB| < |A||B|.

EXERCISE 2.4. Prove Lemma 2.3.

The fact that the bounds that we establish can be easily converted into bounds
involving norms is a consequence of the following theorem, where || || indicates the
Frobenius matrix norm.

THEOREM 2.5. Let A,B € R™*". If |A] < |B| then ||Alx < ||Bll1, |A]lec <
|Blloo, and | Allr < || Bl

EXERCISE 2.6. Prove Theorem 2.5.

2.5. Deriving dense linear algebra algorithms. In various papers, we have
shown that for a broad class of linear algebra operations, given an operation one can
systematically derive algorithms for computing it [10]. The primary vehicle in the
derivation of algorithms is a worksheet to be filled in a prescribed order [4]. We do
not discuss the derivation worksheet in this paper in order to keep the focus of on the
derivation of error analyses. However, we encourage the reader to compare the error
worksheet, introduced next, to the worksheet for deriving algorithms, as the order in
which the error worksheet is filled mirrors that of the derivation worksheet.

3. Stability of the Dot Product Operation and Introduction to the
Error Worksheet. The triangular solve algorithm discussed in the next section
requires the computation of the dot (inner) product (DOT) of vectors z,y € R™:
k := xTy. In this section, we give an algorithm for this operation and the related
error results. We also introduce the error-worksheet as a framework for presenting
the error analysis side-by-side with the algorithm.

3.1. An algorithm for computing DoT. We will consider the algorithm given
in Fig. 3.1. Tt uses the FLAME notation [10, 4] to express the computation

K= (((Xowo +x1th1) +o0) + Xn72¢n72) + Xn—1¥n-1 (3.1)

in the indicated order.

3.2. Preparation. Under the computational model given in Section 2.2, the
computed result of (3.1), &, satisfies

k= (((wo(l + ) e (1 + M) (1 + M) +- ..>(1 1 ey

+ Xn1¥n—1(1 + e£”1>)) (141

n—1 n—1
=[x+ [T+ | (32)
=0 j=i
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Algorithm Dot: k:=2"y

k=0 .
Partition z — (—T> JY — (y—T>
B YB

where zp and yp are empty
While m(xzr) < m(z) do

Repartition
T
7 il yr Jo
rB o YB —
T2 Y2

where i and v are scalars

f o=kt

Continue with

o Lo yr Yo
B -_ YB -_
T2 Y2
endwhile

Fic. 3.1. Algorithm for computing  := 1 y.

where ef) = 0 and |e>(ko)|, |e>(kj)|7 \eg)\ <wufor j=1,...,n— 1. Clearly, a notation to
keep expressions from becoming unreadable is desirable.
LEMMA 3.1. Lete; e R, 0<i<n-—1,nu<l, and |¢| <u. Then3I 6, € R

such that H?:_Ol(l + )T =140, with |6,,| < nu/(1 —nu).

Proof: By Mathematical Induction.

Base case. n = 1. Trivial.

Inductive Step. The Inductive Hypothesis (I.H.) tells us that for alle; € R, 0 < i <
n—1,nu <1, and |¢| < u, there exists a 6,, € R such that H?;Ol(l +e)t =140,
with |6,] < nu/(1 — nu).

We will show that if ¢, € R, 0 < i < n, (n+ 1)u < 1, and |¢| < u, then
there exists a 6,41 € R such that [[_,(1 + €)= 14 0,01, with 0,44 <
(n+Du/(1 - (n+ ).

Case 1: T o(1 + &) =120 (1 + €)' (1 + €,). See Exercise 3.2.
Case 2: []I_o(1 + e)*! = (175 (1 + €)*1)/(1 + €,). By the LH. there exists a 6,
such that (1+6,) = [[7=y (1 + &)*! and |6,,| < nu/(1 — nu). Then

My +e)* 1+0, 0, — €n
= = 1 + s
1+e, 1+ €, 1+e,
——
0n+1

which tells us how to pick 6,,41. Now

1+e, l1—u l—u  (I-nu)(l-u
(n+ 1u — nu? (n+1)u

I-(n+lu+nu2 =~ 1—(n+1u
6



By the Principle of Mathematical Induction, the result holds. O

EXERCISE 3.2. Complete the proof of Lemma 3.1.

The quantity 6,, will be used throughout the paper. It is not intended to be a
specific number. Instead, it is an order of magnitude identified by the subscript n,
which indicates the number of error factors of the form (1 + ¢;) and/or (1+¢;)~! that
are grouped together to form (146,,). Since the bound on |6,,| occurs often, we assign
it a symbol as follows:

DEFINITION 3.3. For alln > 1 and nu < 1, define 7, := nu/(1 — nu).

With this notation, (3.2) simplifies to

f=xoYo(1+0n) +x191(1+0,) + -+ Xn-1Pn—1(1 + 62) (3.3)
where |0;] <~;,j=2,...,n.

Two instances of the symbol 6,,, appearing even in the same expression, typically
do not represent the same number. For example, in (3.3) a (1 + 6,,) multiplies each
of the terms oo and x1v1, but these two instances of 8,,, as a rule, do not denote
the same quantity.

As part of the analyses the following bounds will be useful to bound error that accu-
mulates:

LEMMA 3.4. If n,b > 1 then v, < Yt 0nd Vo + Yo + VoV < Yntb-

EXERCISE 3.5. Prove Lemma 3.4.

3.3. Target result. It is of interest to accumulate the roundoff error encoun-
tered during computation as a perturbation of input and/or output parameters:
o i=(z+d)"y;
o i=ua’(y+d);
° K= :ETy + &.
The first two are backward error results (error is accumulated onto input parameters)
while the last one is a forward error result (error is accumulated onto the answer).
Under different circumstances, a different error result may be needed by analyses of
operations that require a dot product.
Let us focus on the second result. Ideally one would show that each of the entries
of y is slightly perturbed relative to that entry:

ao%o oo -+ 0 Yo
&y = : = N e
Unfl'(/]nfl 0 - On—1 "l}nfl
where each o; is “small” and ¥ = diag(oyg,...,0,—1). The following special structure
of ¥ will be used in the remainder of the paper:
0 x 0 matrix ifn=0
»m =< 6, ifn =1 (3.4)

diag(0n, 0, 0n—1,...,02) otherwise.

Recall that 6, is an order of magnitude variable with |6,| < ;.

EXERCISE 3.6. Let k > 0 and assume that |e1|, |e2] < u, with e = 0 if k = 0.

k

Show that <I+ 2l )‘ 0 ) (1+ ) = (I +XF+D) . Hint: reason the case where
0 [(I+e)
k = 0 separately from the case where k > 0.

We state a theorem that captures how error is accumulated by the algorithm.

THEOREM 3.7. Let z,y € R™ and let k := xTy be computed by executing the
algorithm in Fig. 8.1. Then k = [xTy] = 2T (T +XM)y.
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3.4. A proof in traditional format. In the below proof, we will pick symbols
to denote vectors so that the proof can be easily related to the alternative framework
to be presented in Section 3.5.

Proof: By Mathematical Induction on n, the length of vectors x and y.
Base case. m(z) = m(y) = 0. Trivial.
Inductive Step. L.H.: Assume that if z7,y7 € RF, k > 0, then

[ahyr| = 23(I + Sr)yr, where Ly = 2K,

\o'

We will show that when z7,yr € RFT! the equality [;vaT = 2X(I + S7)y7 holds
true again. Assume that 7,y € R*t1 and partition zp — ) and yr — (3]())
1
Then

[ ()i?)T (3)?)] — [[a8y0] + prav]] (definition)

=

= [mg([ + Eo)yo + [X1¢1]] (IL.H. with 7 = zo,
yr = Yo, and Lo = E(k))
( I —+ EO Yo + de)l(l + 6*)) (1 + €+) (SCM, tWiCE)
= ( ) ( I+ 20)(1 —i(—)e )) (14+¢€y) (Zﬁ) (rearrangement)
2E (I + S7)yr (renaming),

where [e,],|es| < u, ex = 0 if k = 0, and (I + Sp) = ((”020 1+0€ >(1+e+)

so that Xy = DG+,
By the Principle of Mathematical Induction, the result holds. O

3.5. The error worksheet. We focus the reader’s attention on Fig. 3.2 in which
we present a framework, which we will call the error worksheet, for presenting the
inductive proof of Theorem 3.7 side-by-side with the algorithm for DoT. This frame-
work, in a slightly different form, was first introduced in [3]. The expressions enclosed
by { } (in the grey boxes) are predicates describing the state of the variables used
in the algorithms and in their analysis. In the worksheet, we use superscripts to indi-
cate the iteration number, thus, the symbols v* and v**! do not denote two different
variables, but two different states of variable v.

The proof presented in Fig. 3.2 goes hand in hand with the algorithm, as it shows
that before and after each iteration of the loop that computes s := 27y, the variables
&, x1,yT, 27 are such that the predicate

(k= 22T +S0)yr ANk = m(zp) ASp = 2R} (3.5)

holds true. This relation is satisfied at each iteration of the loop, so it is also satisfied

when the loop completes. Upon completion, the loop guard is m(zr) = m(z) = n,

which implies that & = 27 (I + E(”))y, i.e., the thesis of the theorem, is satisfied too.
In details, the inductive proof of Theorem 3.7 is captured by the error worksheet

as follows:

Base case. In Step 2a, i.e. before the execution of the loop, predicate (3.5) is

satisfied, as k = m(zr) = 0.



Error side Step
Kk:=0 {¥=0} la
Partition z — (I—T)y — (Z/—T>7 Y- (ET 0 ) 4
B YB 0 |XB
where z7 and yr are empty, and X7 is 0 X 0
{k=aX(I+S0)yr ASr =>® Am(zy) =k} 2a
While m(zr) < m(z) do 3
{R}ZJI%(I-FET):UT/\ZT =x®) /\m(zT) Zk} 2b
Repartition
zo Yo Zé 0|0
— — p 0
BEEE) e |-
B 3 B Yz ? 010 =
where x1, ¥1, and ai are scalars
{7 = 2f (I + Z)yo A 2§ = B Am(zo) =k} 6
BT = (& + x191(1 4 €)) (1 + e4) SCM, twice
(e4 = 0 if k = 0)
= (mg(l + Zék))yo + x191 (1 + e*))(l +et) Step 6: 1.H.
K=K+ x1¢1 2o\ (1+3F] o (yo) 8
= (= 0 1 == R
( o 5 T (1+e€y4) o earrange
20\ T
= <70> (I +xk+D) (y—()) Exercise 3.6
X1 Y1
T i1
vl — (20) (74 (Z ] O Yo
" (Xl) ( * ( 0 [oiFT 1 -
A 261 0 = 2(k+1) A m o —(k+1)
0 [oiT1) x1/)
Continue with -
Zo_ Yo =4 o o 5b
S e
5 @2 e vz B 010 |%
{k=aX(I+S0)yr ASr = SE) Am(zr) = k} 2c
endwhile
{k=al(I+Sp)yr ASr = 2E Am(zr) =k Am(zy) = m(z)} 2d
{k =TI+ 2y Am(z) =n} 1b

Fic. 3.2. Error worksheet completed to establish the backward error result for the given algo-

rithm that computes the DOT operation.

Inductive step. Assume that the predicate (3.5) holds true at Step 2b, i.e., at the
top of the loop. Then Steps 6, 7, and 8 in Fig. 3.2 prove that the predicate is satisfied

again at Step 2c, i.e., the bottom of the loop. Specifically,

e Step 6 holds by virtue of the equalities xg = x7,y0 = yr, and If = Sr.
e The update in Step 8-left introduces the error indicated in Step 8-right (SCM,
twice), yielding the results for EBH and aiﬂ, leaving the variables in the state

indicated in Step 7.

e Finally, the redefinition of X7 in Step 5b transforms the predicate in Step 7

into that of Step 2c, completing the inductive step.

By the Principle of Mathematical Induction, the predicate (3.5) holds for all
iterations. In particular, when the loop terminates, the predicate becomes

f=al (I + M)y An=mzr).

This completes the discussion of the proof as captured by Fig. 3.2.
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In the derivation of algorithms, the concept of loop-invariant plays a central role.
Let £ be a loop and P a predicate. If P is true before the execution of L, at the
beginning and at the end of each iteration of £, and after the completion of £, then
predicate P is a loop-invariant with respect to £. Similarly, we give the definition of
error-invariant.

DEFINITION 3.8. We call the predicate involving the operands and error operands
in Steps 2a-d the error-invariant for the analysis. This predicate is true before and
after each iteration of the loop.

For any algorithm, the loop-invariant and the error-invariant are related in that the
former describes the status of the computation at the beginning and the end of each
iteration, while the latter captures an error result for the computation indicated by
the loop-invariant.

The reader will likely think that the error worksheet is an overkill when proving
the error result for the dot product. We agree. We use the dot product merely as a
vehicle to introduce the reader to the methodology. As the operations being analyzed
become more complex, the benefits of the structure that the error worksheet provides
will become more obvious.

3.6. Results. A number of useful consequences of Theorem 3.7 follow. These
will be used later as an inventory (library) of error results from which to draw when
analyzing operations and algorithms that utilize DOT.

COROLLARY 3.9. Under the assumptions of Theorem 3.7 the following relations
hold:
RI1-B: (Backward analysis) ik = (x + &) Ty, where |&| < vy,|z|, and & = 2T (y + &),

where |&y| <yl
R1-F: (Forward analysis) & = Ty + &, where |&| < vy, |z|T|y|.

Proof: We leave the proof of R1-B as an exercise. For R1-F, let & = 2”7 %™y, where
(") is as in Theorem 3.7. Then

&) = |2TS™y| < |x0l(0n] 0] + [x1]|0nll¥1] + - + |Xn—1]|02][tn—1]
< Yalxollvol + wlxlltn] + - + v2lxn—1l|n-1] < wlz|" |yl.

EXERCISE 3.10. Prove R1-B.

LeEmMMA 3.11. Let «,3 and X\ be scalars and consider the assignment o :=
(a+ B)/A. The following relations hold:

RI-B: & = ((a+&) + (5 + B))/A, where [5a] < ala| and || < 218,

RI-F: X6 = a+ B+ &, with || < v2(la] + |6])-

R2-B: 5 = (a+ 8)/(A+ &), where || < y2|A|.

R2-F: \d = a+ B+ &, with || < v2|5]|A].

R3-B: 6 = ((a+ &) + (B + 8))/(A+ &), where |da| < nlal, |B] < n|B], and

|| < 71[A.

R3-F: \6 = a+ B+ &, with || < y1(|a] + |6] + |5]|A]).
Also, if A =1, results R1-B, R2-B and R2-F hold with 7, in place of v2, and R3-B
holds with either &\ = 0 or both dx =0 and 3 = 0.

10
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Proof: R1-B follows directly from the definition of SCM. R2-B is obtained by apply-
ing the definition of ACM (twice) and Lemma 3.1:

[ [ )
a+ 0 o+ 3

= N1+ 0) = o where A\ = \0s.

I te)(d+e)

R3-B is derived similarly, and R2-F is an immediate consequence of R2-B. O

Relations R1-B, R2-B and R3-B state that the computed result & equals the exact
result of the assignment (a4 3)/A with slightly perturbed inputs. These relations
indicate how the error generated in performing such an assignment can be “thrown
back” in different ways at the «, 3, and/or A input variables; in other words, they
establish that the computation of [(a + 8)/A] is backward stable.

The following theorem prepares us for the analyses of algorithms that use DoT
as a suboperation.

THEOREM 3.12. Letn > 1, a, A\, u,v € R, and x,y € R™. Assume that A # 0 and
consider the assignments pi:= o — (z7y) and v:= (a — (z7y)) /A; the parentheses
identify the evaluation order. Then

RI-B: i=a+ & — (z + &)y, where |&| < vi|a| and || < vpp1|z]-
RI-F: fi=a—a"y +q, where |§] < ynalz|" |yl +mlal < vpen (J2|7 [yl + o).
R2-F: i = a —aTy + qu, where @] < yalz|"ly| + ylil < va (J2|" [yl + |2]).-
Also,
R3-B: A\ =a + & — (z + &) Ty, where || < yalal and |&| < voi2|z].
R3-F: A\ = a—aTy + &, where || < yala| + miala|Ty] < yure (laf + |2 7]yl).
R4-B: A+ =a— (z+ &)Ly, where |\ < y2|A| and |d&| < vy, ||
R4-F: \ov = a — 2Ty + &, where
W] < yalz| T |yl + 72l N |7 < max(y2,75) (|27 |y] + |[Al|2]).
R5-B: A+ v =a+d— (z+ &)y, where
|(b“ < '71|O‘|f |577‘ < '7n+1|x|f and |6)‘| < ’Vl|)‘|'
R5-F: \v = a — 2Ty + &, where
18/ < 1l + A1 2l Tly] + NP < s (Ja] + ol Tyl + A7)

Proof: R1 follows Theorem 3.7 and SCM: ji = (a—azT %™ y)(1+¢), algebraic manip-
ulation, and bounding. R2-F follows Theorem 3.7 and ACM: i = (a — 2T %™y)/(1+
€2), algebraic manipulation, and bounding.

Results R3, R4 and R5 are obtained similarly, invoking Theorem 3.7 and Lemma 3.11.
O

EXERCISE 3.13. Work out the details of the proof of Theorem 3.12.

4. Analysis of Triangular Linear Systems and Introduction to Goal-
Oriented Error Analysis. In this section, we discuss a goal-oriented methodology
for analyzing the error accumulated by an algorithm when executed under the model
of floating point arithmetic given in Section 2.2. We introduce the methodology
hand-in-hand with the analysis of an algorithm for the solution of a triangular linear
system.

4.1. Solving a lower triangular linear system. The solution of a lower tri-
angular system of equations (LTRSV) can be stated as Lz = b, where L € R™"*" is a
nonsingular lower triangular matrix, L and b are input operands and x is the output

11



Algorithm LTrsV: Compute x such that Lx = b

Partition LH(LTL 0 ),J,’*)(I—T),b*)(b—T)
Lpr|LBr B bp

where L7, x7, and by are empty
While m(zr) < m(z) do

Repartition
Lro| 0 Lol O 0N rapy (22 fory (R
Loc|Lor) Lo fhi) 0 ), 75 )\ X ) \%s ) 12
] Lao | l21 | Loz T2 bo

where A11, x1, and (1 are scalars
x1 = (61 — 1Tyz0) /A1
Continue with

L 0 Loo| 0 0 x _Zo_ b bo
( Ll ) — | 2] o |, (—T ) — xa |, (—T> —| A
Lpr|Ler T TB —_— bp oy

Lao | l21

endwhile

Fic. 4.1. An algorithm for solving Lx = b.

operand®. In Fig. 4.1 we show one specific algorithm for computing x. This algo-
rithm has the property that during its execution the variables satisfy the predicate
(loop-invariant) {Lrrzr = br} at the beginning and the end of each loop iteration.

4.2. Analysis. The analysis of the algorithm in Fig. 4.1 is carried out in the
worksheet in Fig. 4.2; in the following we explain how the worksheet is constructively
filled out to generate the analysis. At this stage, please pretend that all the gray-
shaded boxes in Fig. 4.2 are empty. Similarly, pretend that only the left part of
Step 8 (computational updates) is already complete, being copied over from Fig. 4.2.
The empty boxes will be filled out in the order indicated in the “Steps” column.

Step 1: The error-precondition and error-postcondition. The first ques-
tion is what error result is desired. We will show that the computed solution, Z,
satisfies the backward error result (L + AL)Z = b with |AL| < max(ve, vn—1)|L], i.e.,
|AL| < yp—1|L| when n > 2.

The reasoning for the factor v,_; is as follows. We would expect the maximal
error to be incurred during the final iteration when computing x1 = (81 — l75z0) /.
This assignment involves a dot product with vectors of length n — 1. Thus, results
R4 from Theorem 3.12 suggest that it is reasonable to expect the indicated factor.

In practice, the analysis proceeds in two stages. In the first stage one proves, con-
structively, the existence of a matrix AL, the error-operand, such that (L+AL)Z = b.
In this stage error bounds are not considered, as the only concern is to assign the
error generated by the computational updates to the error-operands. This process
involves error results regarding the suboperations that appear in the updates. These
error results then allow one to make an educated guess of the bounds that can be
established for the error operands. In the second stage the bounds on AL are de-
termined. For space considerations, in this paper we incorporate the proof of the
bounds on the error operands into the proof of existence.

We call the predicate that describes the state of the error operands, in this case the
matrix AL, before the algorithm is executed, the error-precondition, and the predicate

3In this section we make no assumption on the diagonal entries of matrix L. In the next section
we will use the symbol L to indicate a unit lower triangular matrix.

12



Error side Step

{AL=01} la
e LTL| 0 ) (lBT) (bT) (ALTL 0 )
Partition L— ST | —] b [ — ), N, —
(LBL Lpr B bp ANpr|ALgr 4
where Lpy, xp, by, and ALy, are empty
{(L7rp + ALrp)Er = by A |ALrr| < max(ve, yk—1)|Lrr| Am(zr) =k } 2a
‘While m(xzr) < m(z) do 3
{(Lrr + ALrr)ir = by A |A7r| < max(y2, ye—1)|Lrr| Am(zr) =k } 2b
Repartition
L 010 AL 0 0
Lrr] 0 s AN o -
Toollon/) Lo fAnn] 0, NolXsr) g o] 0
Loo| l21 |Lo2 ALgg|d21 | ALz 5a
8 o bo
T _— br —_—
(2)-(3) @)-(Z)
I = bp -
T2 b where Aj1, 11, x1, and 31 are scalars
{(Zoo + ALoo)Eo = bo A [ALoo| < max(y2, Y—1)[Lool A m(zo) = k} 6
bo = (Loo + ALgo) &
0 = (Loo + ALoo)do Step 6: LH.
T A | ALoo| < max(y2, v&—1)|Lool
. B1 — g0 8
Y = (1% + %) &0 + (A1 + A1) X
ekt (10+T 1) o + (A1 + A1) xa ., Th. 5.12 RAB
A(afo[Aan )| < max(yz, ) | (1o [ A )]
() + (o)) (32) - ()
[ZBY aT o x1/) \ B 7
Al | 0 Loo |0 z0
1 )| < |~ el U [
| (F2245) | < mentomw | (8245 ) | A (52) =41
Continue with
ALgo| O 0
AL b
L,z and b as in Fig. 4.1, and (ALTL ALO ) — ( (Y?O M1| O ) o
BL bR Algg | do1 | AL2o
{Zrr + Arp)ir = br A |Arr| < max(y2, vk—1)|Lrr| Am(zr) =k } 2c
endwhile
(Lrr + Arp)dr = by A |ALrp| < max(y2, Ye—1)|L7L| 2
A m(zr) =m(z) Am(zr) =k
{(L+ AL)z =bA |AL| < max(y2, Yn—1)|L| A m(z) = n} 1b

Fic. 4.2. Error worksheet for deriving deriving the backward stability error result for the algo-
rithm in Fig. 4.1.

that describes the target error result, the error-postcondition. In Fig. 4.2 these pred-
icates are placed in Step la and 1b, respectively. The error-precondition is {AL = 0}
(no error has yet accumulated), and the error-postcondition is {(L+AL)E = bA|AL| <
max (Y2, Yn—1)|L| A m(z) = n}.

Step 2: The error-invariant. Now we pick an error-invariant for the algo-
rithm, i.e., a predicate that describes the state of the error operands in Steps 2a—d.
Since the loop-invariant is the predicate that describes the computation performed
when the algorithm reaches these stages, it makes sense to impose the error-invariant
to equal the portion of the error-postcondition that corresponds to the state de-
scribed by the loop-invariant. The algorithm in Fig. 4.1 has the property that before
and after each iteration the contents of xr are such that {Lyrrxzr = br}. This
predicate is the loop-invariant. Thus, we expect the accumulated error to satisfy
(Lrr + ALpp)Er = by. Considering also bounds on ALy, the error-invariant be-

13



comes
{(Lrr + AL7r)Zr = by A |ALrr| < max(v2, Ye—1)|Lrr| Am(zr) = k},

and it appears in Steps 2a—d.

Step 3: The loop-guard. There is nothing to be done for this step, as the loop
guard comes as part of the algorithm to analyze. We retain this step number so that
the error worksheet closely resembles the worksheet we use for deriving algorithms [4,
3, 15].

Step 4: Initialization. In this step the error operand, AL, is partitioned con-
formally to the operands in the algorithm with respect to the error-postcondition. In
other words, AL is partitioned so that the dimensions of the variables in the expression
(L + AL)Z = b, with the operands partitioned as in Fig. 4.1, are conformal.

Step 5: Moving through the error operand. In Steps 5a and 5b, the error
operand is repartitioned conformally to the repartitioning of the operands in the
algorithm.

Step 6: State of the variables before the update in Step 8. Step 5a
consists of the following relabelling statements:

Lty — Loo, =7 — 20, br — by, and ALpp — Algo.

Thus, given the state of the variables in Step 2b, the contents of the submatrices and
subvectors exposed in Step ba are described by

(Loo + ALgo)#o = bo A |ALgo| < max(y2, Yk—1)|Loo| A m(xo) = k (4.1)

at Step 6. This predicate expresses the state of the error operands before the execution
of the computational statements listed in Step 8, on the left. Such a replacement of
symbols is called textual substitution.

Step 7: State of the variables after the update in Step 8. At the bottom
of the loop, the variables must again be in a state where the loop-invariant holds,
as indicated by Step 2c. In Step 5b, the different quadrants of L and AL, and the
subvectors of 2 and b, are redefined so that

LOO 0 xo) <b0) (ALOO 0 >
L , X — ], b — ), and AL .
T < lip )\11) T (Xl T B1 L Aip |11
Thus, given the state in which the variables must be in Step 2c, the contents of the
submatrices and subvectors before Step 5b must be

Loo| O ALgo| 0 Zo\ _ [ bo Lo ) _
(< i All) " ( o &11>> <x1> ; (51> Am<><1> —hd
ALOO 0 Loo 0
A ‘(m)’ < max(’YQv'Yk) ( T A >’ (4-2)

at Step 6. This predicate is attained via textual substitution and algebraic manipu-
lation.

14



Step 8: The inductive step. When the computation reaches this step the
predicate (4.1), described in Step 6, is satisfied. The question now is whether the
computational update

X1 = (ﬁl — l{oxo)//\ll, with m(l‘o) = k’,

generates errors for which one can find assignments to the error variables AL, 4%,
and M1 so that the predicate (4.2), described in Step 7, is also satisfied.

Manipulating (4.2), we find that after the computational update is complete, the
error variables must satisfy

bo = (Loo + ALgo)Zo N|ALgo| < max(y2,Vk)|Lool
B = (I +di) %o+ (A1 +Mi1) xa A ‘(&{0 |1 )’ < max(v2, ) | (o] A1 )]

Since Lgg, xgp, and by are not modified by the assignment in Step 8-left, the top
constraint is satisfied by virtue of (4.1) and vx_1 < v%. In the language of an inductive
proof, this constraint is true by the I.LH. For the second constraint, we consult our
inventory of error results and find Theorem 3.12 Result R4-B. The analysis is also
given in Step 8-right of Fig. 4.2.

4.3. Results for TRSV. The above discussion in Sec. 4.2, together with
Fig. 4.2, is the proof for R1-B of this next theorem.

THEOREM 4.1. Let L € R™ ™ be a nonsingular lower triangular matrixz and
x,b € R™. Assume that the solution x of the linear system Lx = b is computed via
the algorithm in Fig. 4.2(left side). When executed in floating point arithmetic, the
algorithm yields I that satisfies

RI1-B: (L+ AL)@ = b, where |AL| < max(ya,VYn—1)|L].
RI-F: L& = b+ & where |b| < max (v, vn—1)|L||Z].

EXERCISE 4.2. Prove R1-F of Theorem 4.1.

EXERCISE 4.3. In Theorem 4.1, assume that the diagonal entries of L are all 1s.
How does the factor ~ improve as a result of this assumption? Indicate what changes
must be made to Section 4.2 and Fig. 4.2, and what result from Theorem 8.12 should
be used.

4.4. Other algorithmic variants. There is another algorithmic variant for
computing the triangular solve for which the error accumulates slightly differently if
b is overwritten by the solution x without the use of extra workspace. Theorems for
that algorithm can be derived in a similar manner [3].

5. Analysis of an unblocked algorithm for LU factorization. Having in-
troduced the methodology for deriving analyses as well as a few error results for
simpler operations, we can move on to a more difficult operation, the LU factoriza-
tion of a square matrix: given a non-singular square matrix A, we seek matrices L
and U such that LU = A, where L is a lower triangular with unit diagonal and U is
upper triangular.

5.1. An algorithm for computing the LU factorization. We analyze the
variant that is often called the Crout variant [7]. This choice allows the reader, if so
inclined, to compare and contrast our exposition with the one in the book by Nick
Higham [11]. The Crout variant computes L and U so that before and after each
iteration Ly, Ury, Ly, and Urg satisfy

( LrpUrp = App | LrUrg = ATR)

LprLUrr = App|
15
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Algorithm LU = A

oL A A L 0 U U
Partition 4 ( I Th > L ( L ) U < L ki )
T\ Aoz Asr “\Teclter/) 0 |Usr
where ATL,LTL7 UTL, are 0 X 0

While m(ATL) S m(A) do

Repartition
A a Aop: L 0 0
(ATL Arn )_} ;)0 01 ?z Leil 0 . llun —
A |A Gio 11| %2 |\ T 10 )
BLISBR Azp | a2 | A2z BLI~BR Lao | l21 | L22
Uopo Juor |U
Uri | Urn 00 Juo1 ;2
0 Ubn — 0 Jvuiq Uig
0 0 |Uag

where «i1,1,v1; are scalars

o T
Vi1 = Q11 — l10U01
T ._ T T
ujy = ajp — lipUo2
loy = (a21 - L20’LL01)/U11

Continue with

Aoo | ao1 | Aoz Loo| O] O
Arr | ATr T T Lrr| O T
( Y P «—| ajglorifay |, T —| lLig| 1 0 e
Ao | a2 Aazz Lao |1 Loao

endwhile

s

FiG. 5.1. The unblocked Crout variant for computing the LU factorization of a matriz.

The algorithm is given in Fig. 5.1.

5.2. Preparation. The Crout variant casts the computation in terms of inner
products (v11 := a1 — lgue1) and matrix-vector multiplications (uf, := afy — 11,Up2
and la1 := (a21 — Laguo1)/v11), therefore its stability analysis will build on top of
the analyses for these operations. In Section 3 we have created a collection of error
results for inner products; the next theorem provides error analyses for matrix-vector
multiplications.

THEOREM 5.1. Error results for matrix-vector multiplication. Let A €
R™*" ¢ € R*, y,v,w € R™, A € R and consider the assignments v := y — Ax
and w := (y — Az)/\. Assume that v and w are computed one element at a time by
subtracting from y the result of an inner product, and then dividing it by A for the
second operation. These equalities hold:

RI-F: 0 =y — Az + @, where || < ynp1]All2| + 71y < yns1 (|Al|z] + |y])-
R2-F: v =y — Ax + &, where |®| < yn|Al|lz| + 11 19] < v (|Allz| + |9]).
Also,
R3-F: A =y — Ax + &w, where
|| < yalyl + Yntol Allz] < ma(lyl + [All2)).
R4-F: M =y — Ax + dv, where
@] < YulAllz] + 72 Al[@] < max(qz, 7o) (|All2] + [ Mlb])-
R5-F: \b =y — Ax + &, where
o] < nlyl + YnralAllz] + 71 A |@] < ynga(lyl + [Allz] + [A|@]).

Proof: All these results follow from Theorem 3.12. O
EXERCISE 5.2. Prove Theorem 5.1.
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EXERCISE 5.3. Which of the results in Theorem 5.1 admit a backward formula-
tion? For those, state and prove the backward results.

5.3. Analysis. We will show that the computed factors L and U satisfy the
equality LU = A + M with |AA| < 4,,|L||U]|. This is the error-postcondition, which
appears in Step 1b of Fig. 5.2. The implications of this result on the stability of the
algorithm are discussed in Section 6.4.

The a priori justification for the bound is not as straightforward as it was for
the solution of the triangular system. The factor 7, comes from the fact that each
element of L and U is exposed to the effects of at most n individual operations. In
addition, experience tells us that bounds for the backward error of various algorithms
for LU factorization have the form ¢17v,|A| + cav,|L||U|, where ¢; > 0 and ¢ > 1.
We stress that in practice one would start with a formulation of the analysis without
taking bounds into account; our methodology makes it easy to experiment with loose
analyses to gain insight that leads to a tighter formulation. For space considerations,
we start the analysis already with tight bounds.

In Fig. 5.2, we show both the algorithm, on the left, and the error side of the error
worksheet, on the right. The latter is filled out in the order indicated by the Step
column, as we demonstrated in Sec. 4. We have already established the expressions for
the error-precondition and error-postcondition (Step 1), in which the matrix A acts
as the error operand. In Step 2 one has to select a feasible error-invariant, i.e., an error
result for the computations performed up to this stage. To this end, we restrict the
error-postcondition to the computation described by the loop-invariant (5.1), yielding
the error-invariant

_ LopUrp = Ar, + Mo | LoUrs = Arg + Mrg
m(ATL) =k A
LprUrgr = Agr + AABL'
A (AATL| < yu|Lro||Urs|||Mrg| < 7k|szL|UTR|>
[Apr] < wlLprl|Urc] | 7

which appears in Step 2. Given the error-invariant, Steps 4-7 only require symbolic
manipulation. In particular, the predicates indicated in Steps 6 and 7 follow immedi-
ately from the error-invariant by substituting the submatrices from Steps 5a and 5b,
respectively. Step 6 becomes

m(Ag) =k A
LooUoo = Ao+ Moo | Looiior = a1 +6ao1 | LooUsz = Aoz + Moo
lioUoo = ajp+daiy A
LogUpo = Azo+2Do2 (5.2)
Moo | g1 | Moz | Lool|Uool || Lool o1 | || Loo || U |
&gy <% | |Hol[Uool
My | L20|[Uno|

Step 2 tells us that this predicate is true before the execution of the computational
statements in the left box of Step 8. In other words, Step 6 represents our Inductive

4In the error worksheet of Fig. 4.2, the error-invariant appears in four different places. In order
to save space, here we list it only before the loop.
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Hypothesis (I.LH.). Algebraic manipulation of Step 7 yields

o (nleo) i,
Q1o |11
LooUgo = Ago+ Moo Lootigy = ag1 +do; LooUo2 = Aga+ M2

HoUoo = afp+aty | lotior + 011 = ani+dy | HoUos + s = afy+aiy | A
LogUoo = Ao+ Moo | Loaglior + l21011 = ag1 +d21

Mo | d1g1 | Moo | Loo||Uoo | Loo| litou | | Lool|Uoz|
&fy [ | &l || <vega| 1HollUo0) | [Holltor]+[01:] 1ol Uos|+]ads| |,
Moy | dnoy | Lo |Uoo| || L2o] |0 |+ |21 [|011]

which is the predicate that must be true after the execution of the computational
statements.

The goal is to show that the computation in Step 8, when executed in a state
that satisfies predicate (5.2), generates errors that satisfy the relations in (5.3). For
simplicity, in the latter predicate we have highlighted the submatrices that are affected
by the computation. The relations in the other submatrices are satisfied “by the I.H.”,
in the terminology of an inductive proof, since v; < ~g+1. Thus it remains to show
that there exist dviy, @7y, and duo; that satisfy the constraints in the grey-shaded
boxes. To this end, we examine the error introduced by the computational updates
to determine how error is contributed to each of these variables:

Determining &vq1: The assignment vy1 := @17 — l1T0u01 is executed in a state where
m(Ago) = k. Theorem 3.12 R2-F states that there exists dvi; such that

11T0U01 + 011 = o1 + i1, where |[dugq| < ’Yk(|l1To||U01| + [011])

< Y1 (ol Juor| + [011]),

therefore we choose &y : = dvgg.
Determining &f,: The assignment ul, := al, — I{,Ups executed in a state where
m(Ago) = k and Theorem 5.1 R2-F imply that there exists dv1o such that

Z{OU()Q + itg = aﬁ + &1?2, where |(§ug| < Y (|11T0 |Uoa| + |121T2|)
< Ve+1 (|l1To| |Uo2| + |ﬂ1T2’) ;

thus, @i, := &, is the desired update.
Determining &u;: The assignment lo; := (a2 — Laguo1)/v11 executed in a state
where m(Agg) = k, and Theorem 5.1 R4-F imply that there exists dvg; such that

Laouoy + vi1lor = agy + dvay,  where |dv1| < ypq1 (|L20| [uo1| + |Z21| |Uu|) ;

therefore dusq := dwoy is the desired update.
This completes the proof of the Inductive Step. The proof is also summarized in
Step 8 of Fig. 5.2.

5.4. Results. The above discussion, summarized in Fig. 5.2, proves the following
theorem:

THEOREM 5.4. Let A € R™ ™, n > 2, and let L and U be computed via the Crout
variant of the LU factorization, as given in Fig. 5.1. Then the computed factors L
and U satisfy LU = A + M, where | M| < ~,|L||U].

The backward stability result in this theorem agrees with the one in [11]. The
attentive reader will have noticed that the none of the bounds used to determine
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Error side  Step

{M=0} la
Partition
AH<ATL|ATR)’LH<LTL 0 )7U*)<UTL|UTR>7 AA—»(MTL A4TR) 4
Apr|ABr Lpr|LBr 0 |Usr Mpr|Mpr
where Arpp,Lrr,Urp and Mpy, are empty
_ LrpUrp = Arp + Mrp | LrUrr = ATr + MR
m(ATL) =05 A
LprUrr = ApL + MBL .
‘( My, AATR) ( Lorp||Ury | |LTL||UTR|>
A <Yk
Mpr, Lpr||UrL|
‘While m(Apy) < m(A) do 3
Repartition
Moo | dao1 | Moz
M M
A, L,U partitioned as in Fig. 5.1, and (M_TLIAA_TR)*} &1{0 doy &1?2 5a
BL BR DMog | daz1 | Moo
where d&xq1 is a scalars
k) = 5
LooUoo = Ao +2Aoo | Lootior = ao1+dao1|LooUo2 = Ap2+Moz
A lfoUOO = aTo +&l?0
LaoUoo = A20+LMo2 6
Moo | @101 | Moz [ Zool|Tool | [ Zoo o1 ||| Lool|TUoz|
MMl &, < | |H,l|Uo0]
Myg [L20]|Uoo|
011 + &1 = an1 — juor
- T MA@t <ygt1 (1T Juor | +1011]) Th. 3.12 R2-F
vi1 = a11 — ljguo1 - . . .
o = aZ, — 1T Ups Ujg + &jy = ajs — lgUo2 8
12 12 7 ‘10 A &dL | <1 (11| Uoz| +ady) Th. 5.1 R2-F
l21 := (a21 — L2ouo1)/vi1 | -
( ) l21v11 + &vo1 = a21 — Laouo1
A ldzr] <yg+1([L2ollto1 [+ [l21][v1]) Th. 5.1 R4-F
m(A?O 2o ) =k+1
Ay |¥11
LooUoo = Ao +2Ag0 Looto1 = ao1+dio1 LooUo2 = Ap2+2Mo2
A U0 = afp+&7, | Hytor + 011 = ann+dar |3,Uo2 + a1y = al,+al, .
LaogUgo = A20+2Maq | L2otior + l21011 = a21 +dio1
Moo | do1 | Moz |Loo||Uoo| | Loo|| o1 | |Loo||Uo2|
A @l [ ] &T, || <vega| 1Holl000l [ 1 ll@o1]+1011] 1,11 To2]+ a5 |
Mog | @21 |L20||Uoo| | | L20||@o1 |+ |l21]|011]
Continue with
Moo | dapr | Moz
M M 5b
A,L and U as in Fig. 5.1, and (AA_TLIAA_TR)H &aTy [oon | a7,
BL BR Mog | daz1 | Moo
endwhile
{m(A) =nALU = (A+ M) AN M| < w|L||U[} | 1b

Fic. 5.2. LU = A. Error worksheet for proving the backward stability of the Crout variant for
the LU factorization.
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&1, &ty gy was tight. As a result, with a little more work it can be shown that the
bound for AA can be improved:

EXERCISE 5.5. Prove Theorem 5.4 replacing v, by max(vys,Vn—1). Hint: use
FEzxercise 4.3.

5.5. Other algorithmic variants. The described approach can be similarly
applied to the other four variants for computing the LU factorization. In [3] it is shown
how to use the error worksheet to derive an error result for the so-called bordered
variant.

5.6. Solution of a linear system. The result of an LU factorization is most
often used to solve a linear system of equations: If Ax = b, then L(Uz) = b so that,
after factoring A, the triangular solves Lz = b followed by Ux = z can be performed,
yielding the solution vector z. The following theorem summarizes how the computed
solution, &, is the exact solution of a perturbed linear system (A + M)i = y:

THEOREM 5.6. Let A € R™" be a nonsingular matriz with n > 2. Let L and U
be the LU factorization computed by the algorithm in Fig. 5.1. Let Z be the solution
to Lz = y computed with the algorithm in Fig. 4.1. Let & be the solution to Uz = %
computed with an algorithm for solving an upper triangular system similar to the
algorithm in Fig. 4.1. Then i satisfies (A+ A)Z = b with |AA] < (3y, +~2)|L||U]|.

Proof: From previous sections we have learned that

LU = A+ B A B | < ylL||U] (Th. 5.4)
(L+Ex)z =10 A |Es] < vynlL] (Th. 4.1)
(U + E3)i = 2 A |Es| < v,|U] (Th. 4.1).
Now,
b= (L+ Ey)(U + Es)i = (LU 4+ EyU + EsL + EyEs)i
= (A4 Ey + EyU + E3L + EyE3 )@ = (A + M) 7,
M
where
|AA| = |Er + ExU + EsL + Ex Es| < |Er| + | Eo||U] + | Es||L| + | Es| | Es|
< VulLN[U] + 3| LU+l LU | + 57 | LIU| = (3yn + 72) IL||U .
0

5.7. Partial pivoting. We remind the reader now of how the analysis of LU
factorization without partial pivoting is related that of LU factorization with partial
pivoting. Invariably, it is argued that LU with partial pivoting is equivalent to the LU
factorization without partial pivoting on a pre-permuted matrix PA = LU, where P is
a permutation matrix. The permutation doesn’t involve any floating point operations
and therefore does not generate error. It is then argued that, as a result, the error
that is accumulated is equivalent with or without partial pivoting.

6. Analysis of a Blocked Algorithm for LU Factorization. When tar-
geting high-performance, dense matrix computations like the LU factorization are
formulated as blocked algorithms so that the bulk of computation is cast in terms
of highly efficient matrix-matrix multiplications [1, 6]. The numerical properties of
the resulting algorithms are rarely analyzed. Rather, an informal argument is given
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Error side  Step
{M=0} la

. XrL XTR) . Mz | Mrr
Partition X — with X € {A,L, U}, M —
(XBL |XBR t ! (AABLlAABR 4

where Xrpp and My are empty
m(ATL) =[5 A

( LrpUrp = Arp + Mg LrpUrr = Argp + Mrp ) "
LppUrp = App + MBr |ABr = ABr — LBrLUrr + MBR 2a
’( Mry, AATR) < ( Arp| + | Lop||Urs| | |ATr| + | LrL||Urr| )
Mpr | Mpr /|~ v\ |Arr| + |LeL||Urc|||ABR| + | LBL||UTR]
While m(Arr) < m(A) do 3

Repartition

Moo | Ao1| A4
XTL XTR XOO X01 X02 AATL AATR 00 01 02 5
~ 1 —| X10|X11| X312 | ~ oA — | Mio|AA11|Mio &
BL|XBR ool X011 Xas BL BR

Moo | Aoy | Aos
where X € {A,L,U}, and X11 and M;; are b X b

{ See Fig. 6.2 } 6
[L11,U11] = LU(A11)
Uig = L;l A1o .
_ See Fig. 6.2 8
Loy := A21U111 &
Agg i= Aga — L21Us2
{ See Fig. 6.2 } 7

Continue with

X X JAVA} JAVAY
(XTL XTR>H<X10 X11 X12>, < L r >H Mig| M | Mo 5b
BEIRERT\ X0 [ Xa1] X2z Mo |Mbr Moo | Mor [ AMos
with X € {4, L,U}

endwhile

{m(4) =n A L0 = (A+ 20) A1) < vp (A1 + 1E1OD G | 1D

Fic. 6.1. LU = A. Error worksheet for proving the backward stability of the blocked LU
factorization computed via the right-looking variant.

that the computations occur in a similar order on similar data and that therefore
the numerical properties are similar. For LU factorization, a paper by Schreiber,
Demmel, and Higham is often referenced as the paper that analyzes a blocked LU
factorization [5]. Unfortunately, the blocked algorithm that is analyzed in that paper
does not resemble the algorithm that is used in practice by libraries like LAPACK
and FLAME [1, 10].

In this section we apply the methodology to an algorithm that is very close to the
one used in practice, the so-called right-looking variant. How the analysis extends to
the practical algorithm is briefly discussed at the end of the section.

6.1. A blocked algorithm for computing the LU factorization. A right-
looking algorithm for computing the LU factorization of a square matrix A is given
on the left side of Fig. 6.1. While in practice A is overwritten, for the analysis we
assume that new matrices L and U are computed. The computation performed by
this algorithm is such that the predicate

( LrUrp = Arp|  LrpUrr = Arg >
LppUrr = App| A%y = Apr — LprUrr
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LrpUrp = Arp + Mg

m(ArL) =k A A

LprUry = Apr, + Mpy,

Apr = ABr — LBLUrRr + MBR

LrrUrgr = ATr + MR v

o . - . 2a
A ?EEV <n TA Arp|+ | Lo ||Uri| | |ATr| + hﬂh__QHm_v
Mgpr [Mgr )|~ "0 "\ TArL| + [Leo|UrL|[1ABg| + [LaL||Urs]
m(Aoo) = kA Al = Au — LioUos + MY A}, = Ars — LioUo2 + M,
Al = A1 — LaoUo1 + MY, |AL, = Ao — LogUo2 + MY, 5
A LMY M, MthN Aq1| + |Lio| |Uo1|||A12| + [L1io| |Uo2
DAY, | MG, Az1| + |L2o| [Uo1|||A22| + |L20| |Uo2
[L11,U1] :== LU(A11) L1101 = A1 + M1y A |M11] < vp|La1||Un1] Theorem 5.4
Uiz := L' Aro L11U12 = A1z + M2 A |Mya| < yp|L11]|U12] Corollary 6.3 g
Lot := Ao U! Lo1Ur = Aoy + Moy A |Mar| < ~p|Lot||Ur1] Corollary 6.3
Az i= Az — L21U12 AGEY 4 Lo Ung = Aby + Moy A [Mas| < ypq1(|Bly| + [L21||Ur2])  Corollary 6.1
Ago| A — — SR
m A&\wm‘k‘ﬂv =k+bA L1101 = Ay — LigUo1 + MUTT L1oUp2 + L11U12 = Aja + MYTT
LooUo1 + Lo1Ury = Ao1 + METH|ALE! = Ao — LooUo2 — LoiUra + MEST .

+1 +1
A My M SV 4t
1+1 2+1
DT | AA57

A11]+ [L1o]| |Uo1| +

Ly

Ui1|||A12| + |L1o| |Uo2| + |L11] |U12

Az1| + |L2o| |Uo1| +

Loy

Ui |||A22| + |L2o| |Uo2| + |L21| |U12

Fic. 6.2. LU = A. Details for Steps 6-8 in the proof of Theorem 6.5.
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is satisfied at the beginning and at the end of each iteration. Superscripts denote the
iteration number.

6.2. Preparation. The computation in Fig. 6.1 (left) is cast in terms of an
unblocked LU factorization, LU (A11), two triangular solves with multiple right-hand
sides, L11U13 = A12 and Ly Uy = Aoy, and one matrix-matrix multiplication, Asy —
L51U15. An error result for the unblocked LU factorization, if the Crout variant is
used, is given in Theorem 5.4. Here we present theorems related to triangular solve
with multiple right hand sides and matrix-matrix multiplication.

Error results for matrix-matrix multiplication.

COROLLARY 6.1. Let C € R™*" A € R™** and B € R*¥*". Assume that
Z = C'— AB is computed one column at a time by the matriz-vector multiplication dis-
cussed in Theorem 5.1. Partition Z,C and B by columns as Z — (zo‘~ . ~‘zn,1) ,B—
(bo‘ . "bnfl) , and C' — (CU" . "Cnfl), so that Z = (C() - Abo ‘ . "CnflAbnfl ) =
C — AB. Then

RI-F: AB+ Z = C + N, where |AZ| < v |A||B| + 71| Z].
R2-F: AB+ Z = C + XC, where |XC| < viy1|A||B| + 711|C.
EXERCISE 6.2. Prove Corollary 6.1. Hint: use Theorem 5.1.

Error results for triangular solve with multiple right-hand sides. Let
L € R™*™ be alower triangular matrix (no assumptions on the diagonal entries), and
X, B € R™*" where L and B are input operands, and matrix X is to be computed.
Partition X — (xo‘n-‘mn,l ) and B — (bo‘-~-‘bn,1 ) Then

LX = L (wo] [z ) = (Lwo|--| Lacr) = (bol---[bacs)

so that Lx; = b;. This explains the name of the operation: each column of X is
computed by solving a lower triangular system with the corresponding column of B
as right-hand side.

The following result follows immediately from Theorem 4.1:

COROLLARY 6.3. Let L € R™*™ be nonsingular lower triangular matriz and
X, B e R™*™ Assume that the solution X to LX = B is computed one column at a
time via the algorithm in Fig. 4.2(left side). Then X satisfies LX = B + AB where
|AB| <, |L]|X].

EXERCISE 6.4. Discuss why in Cor. 6.3 there is no result that corresponds to
Theorem 4.1 R1.

There are a number of different algorithms for computing this operation, each of
which has a similar error result.

6.3. Analysis. As for the unblocked algorithm discussed in the previous sec-
tion, the right-looking LU factorization algorithm, in the presence of round-off error,
computes factors L and U. This section provides the proof to the following theorem.

THEOREM 6.5. Given A € R™ "™ assume that the blocked right-looking algorithm
in Fig. 6.1 completes. Then the computed factors L and U are such that

LU = A+ M, where |M]|< Yo 4b(|A] + |L|T)).

The worksheet containing the proof of Theorem 6.5 is shown in in Figg. 6.1 (right)
and 6.2. In the remainder of the section we will prove that the error bounds indicated
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in the worksheet hold. Consider the error-invariant
m(ATL) =kA
< LriUrp = Arp+ My | LrpUrg = Arg + Mrg )
LppUrr = App + Mpr|Apr = Apr — LrUrr + Mpg

‘( My | Mrr )
Mpr|MBgr

(6.1)

< ( |ArL| + |LTL||UTL| | |Arg| + \LTL||[7TR| )
= T\ JArL] + | Lyl |Ure| |Agr| + |LpL||Urs|

which results from restricting the target error result to the state of the variables at
the top of each iteration. The base case of the proof requires this predicate to be
satisfied right after the initialization of Step 4. The initialization sets A7y to be an
empty matrix; therefore predicate (6.1) reduces to

Apr = Apr + Mpr N |Mgg| < 1|Apr|,

which is true as no computation has been performed yet, thus Agp equals Agg, and
AABR =0.

We know that the predicate in Step 6 of the worksheet represents the inductive
hypothesis. This predicate follows immediately by substituting the submatrices from
Steps 5a into the error-invariant. Algebraic manipulation yields

LooUoo = Ago+Moo|  LooUn1 = Ao1+Mor LooUpa = Ap2+ Moz
LioUpo = A1o+Mio|A11 = A11—L10U01+AA31 Am = A12—L10U02+M112 A
LogUog = Ao+ Mo2|A21 = Aoy — LogUg1 + DA%, | A5y = Ago — LogUpa +2AA5,

Moo | Mo1|Mo2 \A00\+|LO0HUOO\ |A01|+\LO0HUO1| \A02\+\LO0HU02|
Ao AT |AAT, S’Y%.H, |Aio|+|L1o||Uoo ||| A11|+|L10||Uo1]|| A12]|+|L1o]|Uoz|
Mo 51| AA5o | A20|+|L20||Uoo ||| A21|+|L20||Uo1]|| A22|+ | L2o]|| Uoz|

Similarly, the predicate in Step 7 represents the relations that have to be satisfied
at the end of each iteration. The predicate is obtained by substituting the submatrices
from Steps 5b into the error-invariant. Algebraic manipulation yields

Aoo Am)
=k+0bA 6.3
" <A10 A * (6:3)

* * *

x| L1oUo1 + L1101 = A +AATT L10Uoa+ L1101 = A1+ AAET A
*|LooUp1 + L1 Uy = Aoy + DT A = Ago — LogUps — L1 Uyg + MES

* * * * * *

M IMET )| <vi oy | AlAsH Lol Uos L1 [Usa ||| Arz[HL10[|Uoz [+ L11 [|Usz|
x| AT A4S ’ *||Az21 H L2o||Uo1 [+ L21||U11| || A22 |4 L2o||[Uoz2 |+ L21 | |Us2|

where the x indicates that the expression is identical to that in the corresponding
result in (6.2) above.

The goal is to prove that the updates in Step 8 (left), when executed in a state
that satisfies predicate (6.2), generate errors that satisfy the predicate (6.3). The
constraints in (6.3) that are not highlighted are already satisfied in Step 6, and since
the computation only affects submatrices L1y, Loy, Ur1, Uia and Asg, they are also
satisfied in Step 7, as vk 1, < V& 44
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It remains to show that there exist AT AATET AALT and A4LS! that satisfy
the constraints in the grey-shaded boxes. We examine the error introduced by the
computational updates to establish how error is contributed to each of these variables:
Determining AAiT!: The update is [L11,Uyq] := LU(Ay), with Ay; € R®?. Theo-
rem 5.4 states that there exists a matrix AA?IU) such that

LU = A+ MY with |MEY] < 4| B |01 (6.4)
From Step 6 (predicate (6.2)), we know that
Ay = Ay — LigUopr + Miu, with AAL < ’Y%+b(|A11| + \L10||UO1|),
and substituting A;; into (6.4), it results:
LUy = Ay — LigUoy + Mzﬁ + AA%U)-
Therefore, rearranging and setting Mﬁl =M+ AA%U), we obtain
LioUor + L1 Uyy = Aqq + M

which is the expression we were looking fpr, as shown in (6.3). Next, we prove that
AT < v g1 (HAT Lo [T L || )):

| M = | MA%, + AA%U)‘ Def.
< | M|+ ‘AA%U) Triangle Ineq.
< | MY [+ 6| Ly [|U1] Theorem 5.4
< 7%+b(|A11| + |é10|\(:]01|) + ’}/b|i/1}||[711| 1L.H.
< g-o1An] + Esoll0r |+ 11001
S’Y§+b+1(|A11|+|L10||U01|+|L11|\U11\), O

Determining AA}5! and AALT': We first analyze the update Ug := L7 A2, with
Li; € RP@® The same analysis is directly applicable to L := AglUﬁl too, by
transposing the operands.

Corollary 6.3 states that there exists an error matrix AAgRSM) such that
LUy = Agp + MY with |ATEW) < ) 11| U] (6.5)

From Step 6 (predicate (6.2)), we know that
Avp = Az — LioUps + My, with [Miy| < vy (|Arz] + [ Lo Usa)),
and substituting A1 into (6.5) we obtain
LiUis = Ars — LigUps + MY, + MM,
Rearranging, and setting AAEH = Mi, + AAgRSM), it results

LlOUOQ + E11012 =Ap+ Mi—gl’
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Which is the expression we were looking for, as shown in (6.3). Next, we prove that
|M5Y < vk ([Ase] + [ Liol Uzl + L |0

M = ‘Mlm + AA TRSM) Def.
< M| + ‘AA TRSM)‘ Triangle Ineq.
< | M|+ | L ||Una) o Corollary 6.3
< ’Y§+b(|A12| + |L10||Uo2]|) + vo|L11]|U12] 1.H.
< Vi ([Ar2] + [Laol[Uoz| + |L11||Un2])
< Ve qpp1 ([ Arz2] + [Laol[Uoz| + [L11[Urz])- O
Determining AAZ+1 The update A := Aby—Lo1Uyo, where m(Uyz) = n(Lgy) = b.
Corollary 6.1 states that there exists an error matrix A4, GEMM) such that

ARt = Ay — Loy U+ MG with AT <y 41| Lo || Ura| +71| A, |. (6.6)
Predicate (6.2) from Step 6 tells us that
Ay = Agy—LaogUa+ My, with [Ay| <ye 4 (| Asa|+[Laol|Usa)),
and substituting A%, into (6.6), it results
Al = Agy — LogUpa + My — Loy Ups + M(GEMM)
Rearranging, and setting AA;‘QH = M, + AASEMM), we obtain
/léél = Aoy — LogUpa — Loy Uy + Méél,

which is the expression we were seeking as shown in (6.3). Next, we prove that
|MGEY < Yy ([A2a| + [Loo|[To2| + |Laa[|Un2)):

MY = ‘AA AASEMM)( Def.
< [ M| + ‘M(GEMM)’ Tr. Ineq.
< | Dby | 4 Ypr1 [ Lo |[Una] + 1| A, | Cor. 6.1
= [Ab,| + 1| Lo |[Ura| + 71| Az — LagUoz + A3, | LH.

< |AAL,| + 7b+1|L21|\U12\V+ Y1 ([A22| + |L20||U02|vJr |4A§2|) Tr. Ineq.
= (1470|845 ] + o1 Laa | [Una] + 71(| Azz| + [L2o| [Tpz])
< (L4 7)7e 45 (|A22| + [ L2o|[Uo2])+

o1 | Lot ||Ura] + 71 (| Azz| + | Lao||Unz|) LH.
<+ 7g4 F7E4) ([ A22| + | Laol|Uo2) + Yot1|La1|| Utz
< 7k+b+1(\A22| + |L20||U02|) + Yot1) Lot || U Lem. 3.4
< ’7%+b+1(‘A22| + [L20||Un2| + | La1||Un2)).- O

This concludes the proof of the inductive step of Theorem 6.5. The proof is also
summarized in Fig.6.2.
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6.4. A comment about practical implementations. In practice, the fac-
torization of A;; and subsequent updating of Aoy is accomplished by computing an
An , after which
Agy
the row exchanges are applied to the remainder of the matrix. As we argued for the
unblocked algorithm, pivoting does not introduce error and therefore does not change
the analysis. Once pivoting is taken out of the equation, the factorization of the panel
of columns can be thought of as a simultaneous factorization of A;; and subsequent
update of As;. Thus, the analyses of these separate operations are equivalent to
the analysis of the factorization of the panel and the error result established for the
blocked algorithm holds.

LU factorization with partial pivoting of the panel of columns

7. Conclusion. In this paper, we described a systematic approach to deriving
numerical stability results for linear algebra algorithms. The approach leverages no-
tation for representing algorithms that was developed as part of the FLAME project.
It extends the FLAME methodology for deriving algorithms so that numerical sta-
bility results are established in a goal-oriented and modular fashion. The presented
methodology alleviates the difficulties of description and preparation mentioned in the
quote by Parlett. It also overcomes the problem of re-derivation of standard results
mentioned in the quote by Higham, facilitating the establishment of an inventory of
results. In addition, it has yielded a previously unpublished result for the backward
stability of blocked LU factorization.

While the paper was written so that later results build on earlier results, the best
way to unleash the methodology is to start with the final algorithm to be analyzed,
and work backwards. For example, we could have started with the blocked LU fac-
torization. As part of the analysis, it would have become clear that algorithms and
stability results were needed for unblocked LU factorization, triangular solve with
multiple right-hand sides, and matrix-matrix multiplication. In turn, each of these
operations would have exposed other suboperations and so forth. Eventually, the
analysis would have reached the fundamental operations to which the SCM and ACM
can be directly applied. From that stage, the results would have then slowly built
back up to the analysis of the blocked algorithm. However, such a structure would
have made the paper difficult to read and of little pedagogical value.

Just like it has been shown that systematic derivation of algorithms can be made
mechanical [3], we believe the proposed system could also be made mechanical by a
system that understands the rules of linear algebra. This will be the topic of future
research, as will be the application of the proposed techniques to more complex matrix
operations.

8. Acknowledgments. The idea of systematically deriving stability analyses
occurred to us shortly after the idea of deriving algorithms was first proposed [10, 4].
At that time, we considered it high hanging fruit and ignored the possibility. Then,
in response to a paper with Enrique Quintana-Orti on the derivation of algorithms
for the triangular Sylvester equation [12] that yielded a number of new algorithms for
that operation, a referee pushed us to add a stability analysis for the algorithms. This
referee, who we correctly guessed was G.W. (Pete) Stewart, gave us three choices: (1)
show empirical results; (2) present an analysis that shows the algorithms to have
equivalent error accumulation; or (3) extend the derivation process so that it also
yields the stability analysis. We invited Pete to work on (3) with us, to which he
responded that some Holy Grails are best left unpursued. And thus we opted for
(1) in the revision of that paper. It took a few more years before one of the authors
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