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Idea: error analysis ≡ matrix equation

I LU = A ⇒ ĽǓ = A + ∆A;
∆A unknown, “error variable”.
Error analysis ≡ computing ∆A.

I |∆A| ≤ O(n)u|Ľ||Ǔ |,
|∆A| ≤ O(n)u(|Ľ||Ǔ | + |A|)?

• Step #1: From algorithm to loop invariant.

Algorithm: LU

Partition A→

(
ATL ATR

ABL ABR

)
where ATL is 0× 0

While size(ATL) < size(A) do

Repartition(
ATL ATR

ABL ABR

)
→

A00 a01 A02

aT
10 α11 aT

12

A20 a21 A22


α11 := α11 − aT

10a01 DOT(1)

aT
12 := (aT

12 − aT
10A02) GEMV(1)

a21 := (a21 − A20a01)/α11 GEMV(2)

Continue(
ATL ATR

ABL ABR

)
←

A00 a01 A02

aT
10 α11 aT

12

A20 a21 A22


endwhile

Algorithm Progression

DONE

DONE

DONE

DONE DONE

DOT

GEMV
SCAL

GEMV

Loop Invariant(
LTLUTL = ATL LTLUTR = ATR

LBLUTL = ABL —

)

• Step #2: From loop invariant to error invariant.

Error Invariant:
(

ĽTLǓTL = ATL + ∆ATL ĽTLǓTR = ATR + ∆ATR

ĽBLǓTL = ABL + ∆ABL —

)

• Step #3: From error invariant to subgoals.

The error invariant is expressed in terms of the repartitioned operands.




Ľ00Ǔ00 = A00+∆A00 Ľ00ǔ01 = a01+δa01 Ľ00Ǔ02 = A02+∆A02

ľT10Ǔ00 = aT
10+δaT

10 — —

Ľ20Ǔ00 = A20+∆A02 — —




υ11 := α11 − lT10u01 DOT(1)

uT
12 := aT

12 − lT10U02 GEMV(1)

l21 := (a21 − L20u01)/υ11 GEMV(2)

Error Updates
 Ľ00Ǔ00 = A00+∆A00 Ľ00ǔ01 = a01+δa01 Ľ00Ǔ02 = A02+∆A02

ľT10Ǔ00 = aT
10+δaT

10 ľT10ǔ01 + υ̌11 = α11+δα11 ľT10Ǔ02 + ǔT
12 = aT

12+δaT
12

Ľ20Ǔ00 = A20+∆A20 Ľ20ǔ01 + ľ21υ̌11 = a21+δa21 —


• Step #4: Inventory of known results or new analysis.

Can the error generated at each iteration be accumulated
into the error variables (δα11, δa01, and δaT

12) so that the error
invariant remains satisfied?

Subgoals

I DOT: υ11 := α11 − lT10u01

?⇒ ľT10ǔ01 + υ̌11 = α11+δα11

I GEMV: uT
12 := aT

12 − lT10U02
?⇒ ľT10Ǔ02 + ǔT

12 = aT
12+δaT

12

I GEMV: l21 := (a21 − L20u01)/υ11
?⇒ Ľ20ǔ01 + ľ21υ̌11 = a21+δa21

DOT: ν := (β − lTx)/λ Inventory

Results built directly from the computational models

1: λν̌ = (β + δβ)− (l + δl)Tx

{
|δβ| ≤ γ2|β|
|δl| ≤ γn+2|l|

2: (λ + δλ)ν̌ = β − (l + δl)Tx

{
|δλ| ≤ γ2|λ|
|δl| ≤ γn|l|

3: (λ + δλ)ν̌ = (β + δβ)− (l + δl)Tx

 |δβ| ≤ γ1|β|
|δl| ≤ γn+1|l|
|δλ| ≤ γ1|λ|

GEMV: w := (y − Ax)/λ

Results built from those of DOT and Axpy.

• Step #5: Inductive step.
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Application: fine-grain bounds

Lx = b⇒
{

(L + ∆L)x̌ = b
|∆L| ≤ γn|L|

, i.e., |∆L| ≤

γn 0
... . . .
γn . . . γn

�|L|
� = pointwise multiplication

For some applications the factor γn is too coarse.
The interest lays on how different variables affect/are
affected by the computation.

Example: Algorithm TRSV

Partition L→

(
LTL 0

LBL LBR

)
, x→

(
xT

xB

)
, b→

(
bT

bB

)
where LTL, xT , and bT are empty

While m(xT ) < m(x) do
Repartition(

LTL 0

LBL LBR

)
→


L00 0 0

lT10 λ11 0

L20 l21 L22

, . . .

χ1 := (β1 − lT10x0)/λ11 DOT(2)

Continue(
LTL 0

LBL LBR

)
←


L00 0 0

lT10 λ11 0

L20 l21 L22

, . . .

endwhile

Theorem: |∆L| ≤ T � |L|,
where T ≤ LowTriToepliz({γ2, γ2, γ3, . . . , γn}T ).
Proof: Using a different analysis for DOT. [xTy] = xTy+xTΣ(n)y,
where Σ(n) ≤ diag({γn, γn, γn−1, . . . , γ2}). Then

T =


γ2

γ1 γ2

γ2 γ2 γ2

γ3 γ3 γ2 γ2
... . . .

γn−1 γn−1 γn−2 . . . γ2 γ2




