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Introduction ROWTHOERHEY

e Readily usable open-source software (library and/or compiler)

@ Substantial speedups over state-of-the-art algorithms

Challenges for High-Performance

@ High order of tensors
o Strided memory accesses

o Difficult to exploit spatial- and temporal-locality
@ Vectorization

o Parallelization
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High Performance Tensor Transpositions RWRHEAEN

@ Transpositions of the general form:

Biyio,..in < @Ar(iyinyin) T BBisia,.in

ip. Springer, T. Su and P. Bientinesi, “HPTT: A High-Performance Tensor Transposition C++ Library”, ARRAY 2017
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@ Transpositions of the general form:

Biyio,..in < @Ar(iyinyin) T BBisia,.in

@ HPTT: C++ 11 library for tensor transpositions’

o Explicitly vectorized
o Multi-threaded
o Autotuning

p. Springer, T. Su and P. Bientinesi, “HPTT: A High-Performance Tensor Transposition C++ Library”, ARRAY 2017
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High Performance Tensor Transpositions e

@ Transpositions of the general form:

Biyio,..in < @Ar(iyinyin) T BBisia,.in

@ HPTT: C++ 11 library for tensor transpositions’

o Explicitly vectorized
o Multi-threaded
o Autotuning

e Dynamic data structure called plan (similar to FFTW)
e Encodes the execution of a tensor transposition
e Loop Order
e Parallelism

p. Springer, T. Su and P. Bientinesi, “HPTT: A High-Performance Tensor Transposition C++ Library”, ARRAY 2017
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Reduction to 2D sy
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Reduction to 2D ROWTHOERHEY

h=0:N 2 < 1

o Leading-face: Spanned by the two stride-1 modes

@ Reduction to 2D is always possible

3=0:N . .
R=0:N 2 ; ¢ n ;
h=0:N : n 5 I3

B[iz, i3, il] — A[il, i2, i3] i3 2

Biyisiy Al ipis
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Blocking Overview R TRERSRY
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Blocking Overview R TRERSRY

w w
—— ——
. e
micro-tile =N e
I R P -
macro-tile : :
2 4+— i
leading-face i i

@ Decompose a macro-tile into micro-tiles
o Vectorized micro-tiles

22 /57



Blocking Overview R TRERSRY

w w

—— ——
. . } w ¢ }w
micro-tile =N e
< b...-.. : b'_'.
macro-tile :
2 4+— i

leading-face i i

@ Decompose a macro-tile into micro-tiles
o Vectorized micro-tiles

@ Decompose a transposition into macro-tiles
o Parallel over macro-tiles
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Bandwidth

Bandwidth [GiB/s]
Bandwidth [GiB/s]

14 710131619222528313437404346495255 O1 4 7 10131619222528313437404346495255
#test case #test case
(a) Intel Ivy Bridge E5-2670 v2. (b) IBM Power7.

Bandwidth [GiB/s]
Bandwidth [GiB/s]

1 4 710131619222528313437404346495255

#test case #test case
(€) Intel KNL Xeon Phi 7210. (d) ARmv7-A.

HPTT'’s bandwidth. Black and orange lines respectively denote STREAM and AXPY bandwidth.
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Bandwidth
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Bandwidth [GiB/s]
Bandwidth [GiB/s]

14 710131619222528313437404346495255

14 710131619222528313437404346495255
#test case #test case

(a) Intel Ivy Bridge E5-2670 v2. (b) IBM Power7.
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#test case #test case
(€) intel KNL Xeon Phi 7210. d ) ARMVT-A.

HPTT'’s bandwidth. Black and orange lines respectively denote STREAM and AXPY bandwidth.
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Impact

@ Cyclops Tensor Framework
Tensor Contractions — Transpositions

3.5
3.0
2.5¢
2.0¢
1.5
1.0-

Speedup

1 4 7 10 13 16 19 22
#test case

HPTT's impact on CTF's performance.
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Spin Summations RN VeI

Linear summation over tensor transpositions

Bioilfz = 2“4/01'11'2 - Aizilio - Aiol'2i1

Biyivio = 4Aiiin — 2Aiii, — 2Abii + Aiivip — 2Aihin + Aiioir
Bigivinis = 2 Aiivinis — Aiviviis — Aigiinis — Aigirisiz

Bigivinis = 4 Aigivinis — 2Aigizinis — 2Aigiisi, — 2Aiioinis + Aiizinio +
Aisioisin — 2Aiiiois + Aiision + Aiiisic — 2Aiiiio + Aisigihin + Aisiviohs
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Spin Summations RN VeI

Linear summation over tensor transpositions
® Biiin = 2Aiii, — Abirip — Aigioin
° Biol'llé = 4“41'0"11'2 - 2*’4"1/'01'2 - 2~Al'2l'1l'0 + Ai1i2io - 2"4/'01'21'1 + Aizioil
® Bijiiiiy = 2Aiiinis — Aiivigis — Aigininis — Aigiriaiz
® Bijiiiiy = AAiiinis — 2Aiiziniy — 2Aiivisin — 2Aiiginis + Airizinio +
Aisioisin — 2Aiiiois + Aiision + Aiiisic — 2Aiiiio + Aisigihin + Aisiviohs

Central Challenge

Spatial and temporal locality in both A and B
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Spin Summations RN VeI

Linear summation over tensor transpositions

® Bijiin = 2Aiii — Aiivip — Aigioiy

® Biiin = 4Aiiin — 2Aiii, — 2Abiiy + Aiinip — 2Aiii + Aiioir
® Bijivinis = 2Aigisinis — Aisivigis — Aiginivis — Aigivisin

® Bijivinis = #Aigivinis — 2Aiiziniy — 2Aigivisin — 2Aiioinis + Aiisinio +

Aisioisin — 2Aiiiois + Aiision + Aiiisic — 2Aiiiio + Aisigihin + Aisiviohs

Central Challenge

Spatial and temporal locality in both A and B

P. Springer, D. Matthews and P. Bientinesi,
“Spin Summations: A High-Performance Perspective”, ACM TOMS'18
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Tensor Contractions RWTHOASHEN

@ Prior Work

o Nested loops
o Loops over GEMM (LoG)
o Transpose-Transpose-GEMM-Transpose (TTGT)

2p, Springer and P. Bientinesi, “Design of a high-performance GEMM-like Tensor-Tensor Multiplication”, ACM TOMS'18

3Field Van Zee et al. “BLIS: A Framework for Rapidly Instantiating BLAS Functionality”, ACM TOMS'15
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@ Prior Work

o Nested loops

o Loops over GEMM (LoG)

o Transpose-Transpose-GEMM-Transpose (TTGT)
o Disadvantages

o Suboptimal I/O cost

e Poor cache utilization

o Additional memory requirements
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Tensor Contractions RWTHOASHEN

@ Prior Work

o Nested loops
o Loops over GEMM (LoG)
o Transpose-Transpose-GEMM-Transpose (TTGT)

o Disadvantages
o Suboptimal I/O cost

e Poor cache utilization

o Additional memory requirements

@ We propose a fourth approach: GETT?
e Akin to a high-performance GEMM implementation

o Adopts the BLIS® methodology

2p, Springer and P. Bientinesi, “Design of a high-performance GEMM-like Tensor-Tensor Multiplication”, ACM TOMS'18

3Field Van Zee et al. “BLIS: A Framework for Rapidly Instantiating BLAS Functionality”, ACM TOMS'15
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Matrix-Matrix Multiplication RO ERLEN

Matrix-Matrix Multiplication

Cm,n <~ Ek Am,kBk,n

35/57
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Matrix-Matrix Multiplication RO ERLEN

Matrix-Matrix Multiplication (Einstein notation)

Cm,n — Am,k Bk,n

// N-Loop
n=20:N-1
// M-Loop
m=20: M—-1
tmp = 0

// K-Loop (contracted)
k=0: K-1
tmp += A/',kBk,j

// update C

Cj=oa tnp + BGC;

Naive GEMM
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Matrix-Matrix Multiplication RO ERLEN

Matrix-Matrix Multiplication (Einstein notation)

Cm,n — Am,k Bk,n

// N-Loop
n=20:N-1
// M-Loop
m = 0 M—-1
tmp = 0

// K-Loop (contracted)
k=0: K-1
tmp += A By,

// update C

Gj=a tmp + BG

// N-Loop
n=20:n : N—-1
// K-Loop (contracted)
k =0 : ke : K—1
B = identify_submatrix (B, n, k)
// pack B into B

B = packB(B) // B e Rk*

// M-Loop
m=0: mc : M—1

A = identify_submatrix (A, m,

// pack A into A

A = packA(A) // Ac R7xk

C = identify_submatrix(C, m,

// matrix-matrix product: AB

macroKernel (A, B, C, a, 8)

k)

n)

Naive GEMM

High-performance GEMM
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Key Idea

Pack-and-transpose while moving data into the caches
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GEMM-like Tensor-Tensor Multiplication (GETT)

Key Idea

Pack-and-transpose while moving data into the caches
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// N-Loop
n=17:nc: 5,
// K-Loop (contracted)
k =1 : ke :

3
B = identify_subtensor(B,n, k)
// pack B into B (L3 cache)

B = packB(E)
// M-Loop
m=1: mc : S,
A = identify_subtensor(A,m,k)

// pack A into A (L2 cache)

A = packA(.zZ)
C = identify_subtensor(C, m,n)
// compute matrix-matrix product of AB

macroKernel (.AT, g, 6, a, B)

High-performance GETT
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GETT: Macro-/ Micro-Kernel R TRERSRY

2nd loop / macro-kernel

Ay

@ Similar to BLIS
@ Blocking
o [ L3 cache
o [ L2 cache
o [ L1 cache
o [ Registers

1st loop

mikymy

micro-kernel @ Vectorized micro-kernel

41 /57
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Packing via Tensor Transpositions
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Packing via Tensor Transpositions

RWTHAACHEN
UNIVERSITY

o i

m1 kmy Aml mak

@ Multi-dimensional packing routines

o Preserve stride-1 index
o Exploit spatial locality = high efficiency

45 /57



Open-Source Software RSy

@ Tensor Contraction Code Generator (TCCG)*

o Research Tool
e Supports: Naive, LoG, TTGT, and GETT
o Autotuning

@ Tensor Contraction Library (TCL)®
C++ library

Based on TTGT + HPTT
Offers C and Python interfaces
Supports a large variety of TCs

4Available at: hptts://github.com/hpac/tccg

5Available at: hptts://github.com/springerid/tcl
46 /57
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NNTHAACHEN
Performance ROWTHOERHEY

NumPy
35t a TCCG

GFLOPs /s /core
—_ — [N} [N} w
S 2 QD

ot

0 200 400 600 300 1000
test case

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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Eigen
-
35} NumPy

w
(e

GFLOPs /s /core

ot

0 200 400 600 300 1000
test case

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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40

w
Ut

Eigen

w
(e

GFLOPs /s /core
5 5 8 ¥

Ut

0y~ S0 100 600 800 1000
test case

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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Performance ROWTHOERHEY

40
> TT
3ot Eigen
30l NumPy B
e Tensor
25t A TCCG -
20+

—_
Ut

GFLOPs /s /core

—_
o

LA et
e,
R o k]
o b -_'....» e,
2

3w
VSNt
.?‘“}&Cﬁ”) N

[ )

test case

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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40

351

Do [N} w
ot (=)

GFLOPs /s /core

—
ot (=)

—_
o

> TT
Eigen
NumPy

e iTensor
TBLIS

A TCCG

.-
T u'd!»a., a.a‘
Stk Y

SO Ty
. .‘35.{"'~;{;Tfﬁs

:O'h" s :§ ‘: *ﬂ.n % .‘A’-.:
2‘?};}% "":";’h

-5"’% ;-":‘;#‘z AL

aler
(P
13

400 600
test case

800

1000

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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LoG
35H a4 Tcca

GFLOPs /s /core
—_ — [N} [N} w
S 2 QD

ot

0 200 400 600800 o000
test case

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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LoG
35 = TTGT
4 TCCG |

w
(e

GFLOPs /s /core
5 5 B Y

ot

0 200 400 600800 o000
test case

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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. LoG
35 = TTGT

w
(e

GFLOPs /s /core

ot

0 200 400 600800000
test case

DP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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. NNTHAACHEN
Conclusion ROWTHOERHEY

@ Noticeable Speedups over state-of-the-art solutions v/
e Proper memory accesses are critical for tensor operations

@ Released open-source code v/
High-Performance Tensor Transpose C++ Library (HPTT)®

o Code Generator for Spin Summations’
GEMM-like Tensor-Tensor contraction (GETT)?
e Tensor Contraction C++ Library (TCL)®

6 Available at hptts://github.com/springeri3/hptt, BSD-3
7 Available at hptts://github.com/springer13/spin, BSD-3
8 Available at hptts://github.com/hpac/tccg, LGPLv3

9 Available at hptts://github.com/springer13/tcl, LGPLv3
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. NNTHAACHEN
Conclusion ROWTHOERHEY

@ Noticeable Speedups over state-of-the-art solutions v/
e Proper memory accesses are critical for tensor operations

@ Released open-source code v/
o High-Performance Tensor Transpose C-++ Library (HPTT)®
o Code Generator for Spin Summations’
o GEMM-like Tensor-Tensor contraction (GETT)®
e Tensor Contraction C++ Library (TCL)®

Thank you for your attention

6 Available at hptts://github.com/springeri3/hptt, BSD-3
7 Available at hptts://github.com/springer13/spin, BSD-3
8 Available at hptts://github.com/hpac/tccg, LGPLv3

9 Available at hptts://github.com/springer13/tcl, LGPLv3
56 /57


hptts://github.com/springer13/hptt
hptts://github.com/springer13/spin
hptts://github.com/hpac/tccg
hptts://github.com/springer13/tcl

. . NNTHAACHEN
Publications ROWTHOERHEY

[1] Paul Springer and Paolo Bientinesi. Design of a high-performance gemm-like tensor-tensor
multiplication. ACM Trans. Math. Softw., 44(3):28:1-28:29, January 2018.

[2] Paul Springer, Jeff R. Hammond, and Paolo Bientinesi. TTC: A high-performance compiler
for tensor transpositions. ACM Trans. Math. Softw., 44(2):15:1-15:21, August 2017.

[3] Paul Springer, Devin Matthews, and Paolo Bientinesi. Spin Summations: A
High-Performance Perspective. apr 2017. Under review for ACM Transactions on
Mathematical Software.

[4] Paul Springer, Aravind Sankaran, and Paolo Bientinesi. Ttc: A tensor transposition compiler
for multiple architectures. In Proceedings of the 3rd ACM SIGPLAN International Workshop
on Libraries, Languages, and Compilers for Array Programming, ARRAY 2016, pages 41-46,
New York, NY, USA, 2016. ACM.

[5] Paul Springer, Tong Su, and Paolo Bientinesi. HPTT: A High-Performance Tensor
Transposition C++ Library. In Proceedings of the 4th ACM SIGPLAN International
Workshop on Libraries, Languages, and Compilers for Array Programming, ARRAY 2017,
pages 56—62, New York, NY, USA, 2017. ACM.

57 /57



Performance
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i RWTHAACHEN
Blocking UNVERIY

————————————————— macro-kernel

D — alxD + a2>< '

Exemplary blocking for 2-way spin summation: B;,;, + (a1 A;i, + @Ay -
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Performance - Bandwidth RWRHEAEN

{V small A medium ¢ larg ll

50 :
L
0 2 L
ok ¥ 09 00 G- o o
o ¢ X 4 L e b
30 be 400 ‘ ‘:AA Y
_g A Ava

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
#test case

Bandwidth; small, medium and large respectively correspond tensors of size 70
MiB, 320 MiB, and 1200 MiB.
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GFLOPs /s /core
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test case

SP tensor contractions. Host: 2x Haswell-EP E5-2680 v3 @ 24 threads.
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Loop over GEMM (LoG)

Key ldea

RWTHAACHEN
UNIVERSITY

Identify 2D subtensors and contract them via GEMM

° le,nhnz,mz — Aml,mz,thl,"Lnl

(my=0; my < My; mp++ )
Cm=0; nm < Np; nm++ )
gemn (Mi, Np, Ki, A[,m,:], Bl:,:,m], C[:,ni,:m])

my ky

ki n
mp n

AmlymZykl Bkla"Zynl
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Loop over GEMM (LoG)

Key ldea

\NTHAACHEN
UNIVERSITY

Identify 2D subtensors and contract them via GEMM

° le,nhnz,mz — Aml,mz,thl,"Lnl

(m=0; m < My; mp++ )
Cn=0; m < Nis m++ )
gemn (Mi, Np, Ki, A[,m,:], Bl:,:,m], C[:,ni,:m])

Cm=0; m < My; ma++ )
Cm=0; m < No; m++ )
gemm(My, Ny, Ki, A[;,m,:], B[, m,:], C[,: mn,m])

my

ky
my

AmlymZykl

my

ki
my

AmhmZ,kl

ki

m
n

Bkla"Zynl

ky

m
n2

Bkhnz-,nl
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Transpose-Transpose-GEMM-Transpose (TTGT) RO EctEY

Key ldea

@ ‘“Flatten” the tensors to matrices
@ Use GEMM for contraction

© ‘“Unflatten” output matrix to tensor

° le,nl,nz,mz A 'Amlvmzvlekl,"z,m
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Transpose-Transpose-GEMM-Transpose (TTGT) RO EctEY

Key ldea

@ ‘“Flatten” the tensors to matrices
@ Use GEMM for contraction

© ‘“Unflatten” output matrix to tensor

° le,nl,nz,mz A 'Amlvmzvlekl,"z,m

C(mhmz),("z,nl) f ‘A(ml«,m2)7k1 X Bkl,("z,nl)

Cm1,n1,n2,m2 A Cm17m27n2,n1
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Tensor Contraction Code Generator (TCCG) RWTHAACHEN

@ Input: Mathematical description of TC
e eg, Cla,b,i,j] = Ali,k,a]l * Blk,j,bl;
@ Output: High-Performance C++ code

10 Available at: hptts://github.com/hpac/tccg
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Tensor Contraction Code Generator (TCCG) RWTHAACHEN

@ Input: Mathematical description of TC
e eg., C[a,b:i,j] = A[i:k9a] * B[k,J:b];
@ QOutput: High-Performance C++ code

Solution
already
known?

cost okay More can-

didates?

apply perf.
model

Add candidate to list

cost too high

Schematic overview of TCCGL0.

10 Available at: hptts://github.com/hpac/tccg
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absolutely no conceptual reason.


UNIVERSITY

RWTHAACHEN

Performance — Haswell (single core)
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| [o-poq [2-2poqp

@ Not all TCs can be implemented via LoG
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absolutely no conceptual reason.


UNIVERSITY

RWTHAACHEN

| 20 [p-fqov-poqo
| L&t F?t paqv

| on [b-qbap- [apoqn
| 20ab-qb [p- [2poqn
B p-[2poqn

29-22p-pagn
| pJ-vfq22-2poqn

Performance — Haswell (single core)
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@ Not all TCs can be implemented via LoG

@ Mixed performance




absolutely no conceptual reason.
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absolutely no conceptual reason.
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o TTGT: good for compute-bound TCs
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absolutely no conceptual reason.
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o TTGT: good for compute-bound TCs

@ TTGT: bad for bandwidth-bound TCs
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absolutely no conceptual reason.
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bound TCs

@ GETT: excels for bandwidth
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absolutely no conceptual reason.
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@ GETT: excels for bandwidth

e GETT: good for compute-bound TCs
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Performance — Multi-threaded e

1800 LoG m TTGT —
1600 —

1400
1200} —_ —
1000
800] — —
600]
100
200]
0

GFLOPS
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I
|
|
o |
O — |
abc-adec-ebd |—
ab-cad-de) p—

b
IS ] =

abed-dbea-ec |
abed-ebad-ce |u—

abede-e fcad-b f

abed-aebf-df ce

(a) 2xIntel Xeon E5-2680 v3

@ Performance gap increases for bandwidth-bound TCs
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Performance — Multi-threaded e
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(a) 2xIntel Xeon E5-2680 v3 (b) NVIDIA Tesla P100

@ Performance gap increases for bandwidth-bound TCs
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Plan Creation & Autotuning RO EctEY

[ ] [

B TR RPRRT l .................... : “ Replace best ’
: Generate plans :
. : Yes
‘ Loop order Parallelization
: No Better?
‘ Rank plans ’ ‘ Measure plan
No

X Yes
Start timer
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Plan Creation & Autotuning RO EctEY

/ Perm, Size, ... / T <—
FEETTRRTTRRTTRRTPIE l : “ Replace best ’
: Generate plans :
: : Yes
‘ Loop order Parallelization
: No Better?

‘ Rank plans ’ ‘ Measure plan

No

X Yes
Start timer
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Speedup over Eigen

32.0
16.0p
8.0+

20 |
20 |
1.0 |

(a) IVY

16.0,

8.0

(b) AMD

4.0 |

Speedup

2.0f |
1.0

8.0

4.0

(c) ARM

2.0

1'01 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49 52 55 58

#test case

Speedup over Eigen.
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Plan Example e

i5=0:N/2
h=0:N @ — i .
h=0:N I3

B[ig, i3, il] = A[il, i2, i3] i2
121311 Ail i3
) Thread 1
N/2 N ¢
i=0:N @ i 7
12 =0: N . 13
Bliz, i3, ir] = Al k2, 3] 2
121311 Ail i3

(b) Thread 2
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Plan Example e
r=0:N . < ,'1@

i2 = 0 : N 2 4 A
h=0:N/2 —n B
Bliz, i3, i] = Alin, iz, i3] B 2
Biyisiy Airinis

(a) Thread 1

=N , ) .
3i2:OIN 2 I- Il@
ii=N/2:N n 3

Blia, s, it] — Alft, iz, i3] 3 2

Bi2i3i1 ‘Ail i2i3
(b) Thread 2
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