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High Performance Tensor Transpositions

Transpositions of the general form:

Bi1,i2,...,iN ← αAπ(i1,i2,...,iN) + βBi1,i2,...,iN

HPTT: C++ 11 library for tensor transpositions1

Explicitly vectorized
Multi-threaded
Autotuning

Dynamic data structure called plan (similar to FFTW)

Encodes the execution of a tensor transposition
Loop Order
Parallelism

1P. Springer, T. Su and P. Bientinesi, “HPTT: A High-Performance Tensor Transposition C++ Library”, ARRAY 2017
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Key Insight

Leading-face: Spanned by the two stride-1 modes

Reduction to 2D is always possible
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Impact

Cyclops Tensor Framework
Tensor Contractions → Transpositions
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Spin Summations

Linear summation over tensor transpositions

Bi0i1i2 = 2Ai0i1i2 −Ai2i1i0 −Ai0i2i1

Bi0i1i2 = 4Ai0i1i2 − 2Ai1i0i2 − 2Ai2i1i0 +Ai1i2i0 − 2Ai0i2i1 +Ai2i0i1

Bi0i1i2i3 = 2Ai0i1i2i3 −Ai2i1i0i3 −Ai0i2i1i3 −Ai0i1i3i2

Bi0i1i2i3 = 4Ai0i1i2i3 − 2Ai0i3i2i1 − 2Ai0i1i3i2 − 2Ai1i0i2i3 +Ai1i3i2i0 +
Ai1i0i3i2 − 2Ai2i1i0i3 +Ai2i3i0i1 +Ai2i1i3i0 − 2Ai3i1i2i0 +Ai3i0i2i1 +Ai3i1i0i2

Central Challenge

Spatial and temporal locality in both A and B

P. Springer, D. Matthews and P. Bientinesi,

“Spin Summations: A High-Performance Perspective”, ACM TOMS’18
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Tensor Contractions

Prior Work

Nested loops

Loops over GEMM (LoG)

Transpose-Transpose-GEMM-Transpose (TTGT)

Disadvantages

Suboptimal I/O cost

Poor cache utilization

Additional memory requirements

We propose a fourth approach: GETT2

Akin to a high-performance GEMM implementation

Adopts the BLIS3 methodology

2P. Springer and P. Bientinesi, “Design of a high-performance GEMM-like Tensor-Tensor Multiplication”, ACM TOMS’18
3Field Van Zee et al. “BLIS: A Framework for Rapidly Instantiating BLAS Functionality”, ACM TOMS’15
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Matrix-Matrix Multiplication

Matrix-Matrix Multiplication

Cm,n ←
∑

k Am,kBk,n
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Matrix-Matrix Multiplication

Matrix-Matrix Multiplication (Einstein notation)
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Matrix-Matrix Multiplication

Matrix-Matrix Multiplication (Einstein notation)

Cm,n ← Am,kBk,n

// N-Loop
for n = 0 : N − 1

// M-Loop
for m = 0 : M − 1

tmp = 0
// K-Loop (contracted)
for k = 0 : K − 1

tmp += Ai,kBk,j
// update C
Ci,j = α tmp + βCi,j

Naive GEMM
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// N-Loop
for n = 0 : nc : N − 1

// K-Loop (contracted)
for k = 0 : kc : K − 1

B̂ = identify_submatrix(B, n, k)

// pack B̂ into B̃

B̃ = packB(B̂) // B̃ ∈ Rkc×nc

// M-Loop
for m = 0 : mc : M − 1

Â = identify_submatrix(A, m, k)

// pack Â into Ã

Ã = packA(Â) // Ã ∈ Rmc×kc

Ĉ = identify_submatrix(C , m, n)

// matrix -matrix product: ÃB̃

macroKernel(Ã, B̃, Ĉ , α, β)

High-performance GEMM
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GEMM-like Tensor-Tensor Multiplication (GETT)

Key Idea

Pack-and-transpose while moving data into the caches
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GEMM-like Tensor-Tensor Multiplication (GETT)

Key Idea

Pack-and-transpose while moving data into the caches

1 // N-Loop
2 for n = 1 : nc : SIn
3 // K-Loop (contracted)
4 for k = 1 : kc : SIk

5 B̂ = identify_subtensor(B, n, k)

6 // pack B̂ into B̃ (L3 cache)

7 B̃ = packB(B̂)
8 // M-Loop
9 for m = 1 : mc : SIm

10 Â = identify_subtensor(A,m, k)

11 // pack Â into Ã (L2 cache)

12 Ã = packA(Â)

13 Ĉ = identify_subtensor(C,m, n)

14 // compute matrix -matrix product of ÃB̃
15 macroKernel(Ã, B̃, Ĉ, α, β)

High-performance GETT
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GETT: Macro-/ Micro-Kernel

GEMM-like Tensor-Tensor Contraction (GETT) Paul Springer and Paolo Bientinesi

Introduction

Tensor contractions (TC) are a performance critical com-
ponent in numerous scientific computations. Despite the
close connection between matrix-matrix products (GEMM)
and TCs, the performance of the latter is in general vastly
inferior to that of an optimized GEMM. To close such a gap,
we propose a novel approach: GEMM-like Tensor-Tensor
multiplication (GETT) [1].

Tensor Contraction

I Tensor contractions are the generalization of
matrix-matrix multiplications to higher dimensions.

Let A, B, and C be multi-dimensional tensors, a tensor
contraction is:

CIC  ↵⇥AIA ⇥ BIB + � ⇥ CIC,

where IA, IB, and IC denote symbolic index sets. We further

define three important index sets:
I Free indices of A, Im := IA \ IC
I Free indices of B, In := IB \ IC
I Contracted indices, Ik := IA \ IB.

All indices of Ik are implicitly summed.

Example: Matrix-Matrix Multiplication.
Cmn  Amk ⇥ Bkn
with Im = {m}, In = {n}, and Ik = {k}.

Example: Tensor Contraction.
Cm1n1m2n2  Am2k1m1k2 ⇥ Bn1n2k2k1

with Im = {m1, m2}, In = {n1, n2}, and Ik = {k1, k2}.

Prior Approaches

I Transpose-Transpose-GEMM-Transpose (TTGT)
I Flatten tensors into matrices
I Contract via GEMM
I Fold result back into a tensor
I Adopters: Cyclops Tensor Framework, Tensor Toolbox, LibTensor

I Loop-over-GEMM (LoG)
I Identify 2D slices of the tensors
I Contract all slices via GEMM

Both approaches exhibit significant disadvantages:
I Transpose-Transpose-GEMM-Transpose

I Suboptimal I/O cost
I Flattening accounts for pure overhead
I Auxiliary memory for flattened tensors

I Loop-over-GEMM (LoG)
I Suboptimal I/O cost
I May require strided GEMM

Classification

Tensor contractions can be mapped to BLAS kernels:
I GEMM: Im 6= ; and In 6= ; and Ik 6= ;
I GEMV: (Im = ; or In = ;) and Ik 6= ;
I GER: Im 6= ; and In 6= ; and Ik = ;
I AXPY: (Im = ; or In = ;) and Ik = ;
I DOT: else.

GETT’s Key Features

GETT constitutes a native tensor contraction algorithm
that does not rely on an available GEMM implementation.
The key features are:
I GEMM-like design
I Multi-dimensional packing routines

I Packing via tensor transpositions [2]
I Preserve stride-1 index
I Explicitly vectorized

Design

I Similar to a high-performance GEMM
I Complexity offloaded into packing routines

// N-Loop
for n = 1 : nC : SIn 1

// K-Loop (contracted)
for k = 1 : kC : SIk 2

bB = identify_subtensor(B, n, k)

// pack bB into eB
eB = packB( bB) 3
// M-Loop
for m = 1 : mC : SIm 4

bA = identify_subtensor(A, m, k)

// pack bA into eA
eA = packA( bA) 5
bC = identify_subtensor(C, m, n)

// matrix-matrix product: bC  ↵ eA⇥ eB + � bC
macroKernel( eA, eB, bC, ↵, �) 6

Packing Routines

k
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Macro- & Micro-Kernel

I Blocking for caches
I Blocking for registers
I Explicitly vectorized
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Shared-Memory Parallelism

I Parallelism is similar to that of BLIS [4]
I All loops can be parallelized individually

I GETT also parallelizes along the contracted dimensions
I Exposes additional parallelism if C is very small

I A promising parallelism strategy is chosen according to a
cost model:
I Maximize load balancing
I Stay within the cache limitations

Future Work

I Implement GETT as part of a C++ library

Performance
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Figure: Performance across random TCs with varying arithmetic intensity
(sorted w.r.t. GETT). Host: 2⇥ Intel Xeon E5-2680 v3.

Single-Threaded Multi-Threaded
TBLIS [3] 1.3⇥ 1.6⇥
Eigen [5] 13.2⇥ 16.2⇥
Direct [1] - 52.3⇥

Table: GETT’s average speedups.
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Packing via Tensor Transpositions
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Multi-dimensional packing routines

Preserve stride-1 index
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Packing via Tensor Transpositions
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Open-Source Software

Tensor Contraction Code Generator (TCCG)4

Research Tool
Supports: Naive, LoG, TTGT, and GETT
Autotuning

Tensor Contraction Library (TCL)5

C++ library
Based on TTGT + HPTT
Offers C and Python interfaces
Supports a large variety of TCs

4Available at: hptts://github.com/hpac/tccg

5Available at: hptts://github.com/springer13/tcl
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Conclusion

Noticeable Speedups over state-of-the-art solutions 3

Proper memory accesses are critical for tensor operations

Released open-source code 3

High-Performance Tensor Transpose C++ Library (HPTT)6

Code Generator for Spin Summations7

GEMM-like Tensor-Tensor contraction (GETT)8

Tensor Contraction C++ Library (TCL)9

6Available at hptts://github.com/springer13/hptt, BSD-3
7Available at hptts://github.com/springer13/spin, BSD-3
8Available at hptts://github.com/hpac/tccg, LGPLv3
9Available at hptts://github.com/springer13/tcl, LGPLv3
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Conclusion

Noticeable Speedups over state-of-the-art solutions 3

Proper memory accesses are critical for tensor operations

Released open-source code 3

High-Performance Tensor Transpose C++ Library (HPTT)6

Code Generator for Spin Summations7

GEMM-like Tensor-Tensor contraction (GETT)8

Tensor Contraction C++ Library (TCL)9

Thank you for your attention

6Available at hptts://github.com/springer13/hptt, BSD-3
7Available at hptts://github.com/springer13/spin, BSD-3
8Available at hptts://github.com/hpac/tccg, LGPLv3
9Available at hptts://github.com/springer13/tcl, LGPLv3
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Blocking

macro-kernel

AB

+ α2×

+ α2×

bc

bc

← α1×

← α1×

Exemplary blocking for 2-way spin summation: Bi1i2 ← (α1Ai1i2 + α2Ai2i1 .
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Performance - Bandwidth
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Loop over GEMM (LoG)

Key Idea

Identify 2D subtensors and contract them via GEMM

Cm1,n1,n2,m2 ← Am1,m2,k1Bk1,n2,n1

62 / 57
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Transpose-Transpose-GEMM-Transpose (TTGT)

Key Idea

1 “Flatten” the tensors to matrices

2 Use GEMM for contraction

3 “Unflatten” output matrix to tensor

Cm1,n1,n2,m2 ← Am1,m2,k1Bk1,n2,n1
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C̃(m1,m2),(n2,n1) ← A(m1,m2),k1
× Bk1,(n2,n1)

Cm1,n1,n2,m2 ← C̃m1,m2,n2,n1



Tensor Contraction Code Generator (TCCG)

Input: Mathematical description of TC

e.g., C[a,b,i,j] = A[i,k,a] * B[k,j,b];

Output: High-Performance C++ code

10Available at: hptts://github.com/hpac/tccg
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Tensor Contraction Code Generator (TCCG)

Input: Mathematical description of TC
e.g., C[a,b,i,j] = A[i,k,a] * B[k,j,b];

Output: High-Performance C++ code

TC, sizes Merge modes
Solution
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apply perf.
model

Add candidate to list

contraction.hpp

More can-
didates?

Store fastest candidate
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Yes
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cost okay

cost too high

Yes
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Generate candidates

Schematic overview of TCCG10.

10Available at: hptts://github.com/hpac/tccg
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Performance — Haswell (single core)
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Performance — Haswell (single core)

a
bc
d
e-
ef
ba
d
-c
f

a
bc
d
e-
ef
ca
d
-b
f

a
bc
d
-d
be
a
-e
c

a
bc
d
e-
ec
bf
a
-f
d

a
bc
d
-d
ec
a
-b
e

a
bc

-b
d
a
-d
c

a
bc
d
-e
ba
d
-c
e

a
bc
d
ef

-d
eg
a
-g
f
bc

a
bc
d
ef

-d
f
g
b-
g
ea
c

a
bc
d
ef

-d
eg
b-
g
f
a
c

a
bc
d
ef

-d
eg
c-
g
f
a
b

a
bc

-d
ca

-b
d

a
bc
d
-e
a
-e
bc
d

a
bc
d
-e
b-
a
ec
d

a
bc
d
-e
c-
a
be
d

a
bc

-a
d
ec

-e
bd

a
b-
ca
d
-d
cb

a
b-
a
cd

-d
bc

a
bc

-a
cd

-d
b

a
bc

-a
d
c-
bd

a
b-
a
c-
cb

a
bc
d
-a
eb
f

-f
d
ec

a
bc
d
-e
a
f
d
-f
be
c

a
bc
d
-a
eb
f

-d
f
ce

0

10

20

30

40

50

60

70

80

G
FL

O
P

S

LoG TTGT GETT

GETT: excels for bandwidth-bound TCs

GETT: good for compute-bound TCs

75 / 57



absolutely no conceptual reason.



Performance — Haswell (single core)
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Performance — Multi-threaded
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Performance — Multi-threaded
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Plan Creation & Autotuning

Perm, Size, ...

Loop order Parallelization

Rank plans
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Speedup over Eigen
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Plan Example

for i3 = 0 : N/2
for i1 = 0 : N

for i2 = 0 : N
B[i2, i3, i1]← A[i1, i2, i3] i3
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(a) Thread 1
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(b) Thread 2
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