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Sylvester Equation: historical note

AX + XB = C

R.H. Bartels, G.W. Stewart. Solution of the matrix equation AX + XB = C
Communications of the ACM, 1972

B. Kågström, P. Poromaa. Distributed and shared memory block algorithms for
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B. Kågström, P. Poromaa. LAPACK-style algorithms and software for solving the
generalized Sylvester equation [..] TOMS, 1996

I. Jonsson, B. Kågström. Recursive blocked algorithms [..]. Part I: one-sided and
coupled Sylvester [..] TOMS, 2002
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Sylvester Equation: 2001 circa

FLAME project

E. Quintana-Ortí, R. van de Geijn: 16 algorithms

AX + XB = C ≡ X = Ω(A, B, C)

Partition ? ∈ {A, B, C} as
„

?T L ?T R

?BL ?BR

«
where ABR, BT L, CBL are 0× 0

While size(CT L) < size(C) do
Repartition„

CT L CT R

CBL CBR

«
→

0@C00 C01 C02
C10 C11 C12

C20 C21 C22

1A,

„
AT L AT R

ABL ABR

«
→

0@A00 A01 A02
A10 A11 A12

A20 A21 A22

1A, . . .

Algorithm 1 . . . Algorithm 16

C10 := C10−A12C20
C10 := Ω(A11, B00, C10)
C21 := C21−C20B01
C21 := Ω(A22, B11, C21)
C11 := C11−A12C21−C10B01
C11 := Ω(A11, B11, C11)

C10 := C10−A12C20
C10 := Ω(A11, B00, C10)
C11 := C11−C10B01−A12C21
C11 := Ω(A11, B11, C11)
C12 := C12−C10B02−C11B12
C12 := C12−A12C22
C12 := Ω(A11, B22, C12)

C11 := C11−C10B01
C11 := Ω(A11, B11, C11)
C01 := C01−C00B01−A01C11
C01 := Ω(A00, B11, C10)
C12 := C12−C10B02−C11B12
C12 := Ω(A11, B22, C12)
C02 := C02−A01C12

Continue„
CT L CT R

CBL CBR

«
←

0@C00 C01 C02

C10 C11 C12
C20 C21 C22

1A,

„
AT L AT R

ABL ABR

«
→

0@A00 A01 A02

A10 A11 A12
A20 A21 A22

1A, . . .

endwhile
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FLAME notation
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Back to the 16 algorithms

Algorithm 1 . . . Algorithm 16

C10 := C10−A12C20
C10 := Ω(A11, B00, C10)
C21 := C21−C20B01
C21 := Ω(A22, B11, C21)
C11 := C11−A12C21−C10B01
C11 := Ω(A11, B11, C11)

C10 := C10−A12C20
C10 := Ω(A11, B00, C10)
C11 := C11−C10B01−A12C21
C11 := Ω(A11, B11, C11)
C12 := C12−C10B02−C11B12
C12 := C12−A12C22
C12 := Ω(A11, B22, C12)

C11 := C11−C10B01
C11 := Ω(A11, B11, C11)
C01 := C01−C00B01−A01C11
C01 := Ω(A00, B11, C10)
C12 := C12−C10B02−C11B12
C12 := Ω(A11, B22, C12)
C02 := C02−A01C12

Good performance → TOMS submission

Problem: missing error analysis

Are they all numerically stable? (no!)
Recursive calls? k2 stability analyses? hm...

Initial Goal: (dissertation)
Systematic procedure from algorithm to stability?

Systematic ⇒ computer algebra system
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Detour: symbolic system

Automatic generation of algorithms

{A,L,U ∈ Rn×n

LowerTriUni(L),
UpperTri(U),
LU = A }

⇒

Partition A→
„

AT L AT R

ABL ABR

«
where AT L is 0× 0

While size(AT L) < size(A) do
Repartition„

AT L AT R

ABL ABR

«
→

0@A00 A01 A02

A10 A11 A12
A20 A21 A22

1A
A01 := L−1

00 A01

A10 := A10U−1
00

A11 := LU(A11 − A10A01)

Continue„
AT L AT R

ABL ABR

«
←

0@A00 A01 A02
A10 A11 A12

A20 A21 A22

1A
endwhile
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Not a detour afterall

Stability analysis as a matrix operation

Operation: LU = A

Input: A

Goal: find algorithm(s) to compute L and U

Analysis: ĽǓ = A+ ∆A
Input: A, Ľ, Ǔ

Input: algorithm used to compute L and U
Goal: find algorithm(s) to “compute” ∆A
Goal: find bounds for ‖∆A‖ or |∆A|

The methodology for generating algorithms can be
used for studying their numerical properties too.
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Definition: loop-invariant
Example: Sorting

Sort( v = {x0, x1, x2, x3, . . . , xn} )

Algorithm: selection sort
for i=0:n,

swap
(
min

(
v(i:n)

)
, v(i)

)
;

endfor

After i-th iteration:

{v0, v1, . . . , vi︸ ︷︷ ︸
vL = sorted

vi+1, vi+2, . . . , vn︸ ︷︷ ︸}
vR = to sort

Loop Invariant: v = { vL vR } ∧ sorted(vL)
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Example: LU factorization
Bordered variant

Partition A→
„

AT L AT R

ABL ABR

«
where AT L is 0× 0

While size(AT L) < size(A) do
Repartition„

AT L AT R

ABL ABR

«
→

0@A00 A01 A02

A10 A11 A12
A20 A21 A22

1A
A01 := L−1

00 A01

A10 := A10U−1
00

A11 := LU(A11 − A10A01)

Continue„
AT L AT R

ABL ABR

«
←

0@A00 A01 A02
A10 A11 A12

A20 A21 A22

1A
endwhile
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Example: LU factorization
Iteration i: completed

DONE

Paolo Bientinesi (AICES, RWTH Aachen) Modular Stability Analysys May 9-12, 2010 11 / 27



Example: LU factorization
Iteration i+1: computation

TRSM

TRSM

GEMM
LU
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Example: LU factorization
Iteration i+1: completed (boundary shift)

DONE
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Example: LU factorization
Loop-Invariant

Loop-Invariant = ?


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Example: LU factorization
Partitioned Matrix Expression (PME)

PME(LU = A)
LTLUTL = ATL UTR = L−1

TLATR

LBL = ABLU
−1
TL

LBRUBR =
ABR − LBLUTR


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Example: LU factorization
Loop-Invariant

Loop-Invariant
LTLUTL = ATL


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Example: LU factorization
Crout variant

Partition A→
„

AT L AT R

ABL ABR

«
where AT L is 0× 0

While size(AT L) < size(A) do
Repartition„

AT L AT R

ABL ABR

«
→

0@A00 A01 A02

A10 A11 A12
A20 A21 A22

1A
A11 := LU(A11 − A10A01)

A12 := (A21 − A20A01)U
−1
11

A21 := L−1
11 (A12 − A10A02)

Continue„
AT L AT R

ABL ABR

«
←

0@A00 A01 A02
A10 A11 A12

A20 A21 A22

1A
endwhile
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Example: LU factorization
Iteration i: completed

DONE

DONE

DONE
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Example: LU factorization
Iteration i+1: computation

GEMM
LU

GEMM
TRSM

GEMM
TRSM
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Example: LU factorization
Iteration i+1: completed (boundary shift)

DONE DONE

DONE
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Example: LU factorization
Loop-Invariant

Loop-Invariant
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Annotated algorithm → Worksheet

Partition A→
„

AT L AT R

ABL ABR

«
where AT L is 0× 0

While size(AT L) < size(A) do
Repartition„

AT L AT R

ABL ABR

«
→

0@A00 A01 A02

A10 A11 A12
A20 A21 A22

1A
A01 := L−1

00 A01

A10 := A10U−1
00

A11 := LU(A11 − A10A01)

Continue„
AT L AT R

ABL ABR

«
←

0@A00 A01 A02
A10 A11 A12

A20 A21 A22

1A
endwhile

Step

1a { Precondition }
4 Partition ... where . . .

2 { Loop-Inv }
3 While G do

2,3 {( Loop-Inv ) ∧ ( G )}
5a Repartition ... where . . .

6 { LI-Before }
8 Updates

7 { LI-After }
5b Continue with . . .

2 { Loop-Inv }
endwhile

2,3 {( Loop-Inv ) ∧ ¬ ( G )}
1b { Postcondition }
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Worksheet: LU
Step LU

1a { A, L, U ∈ Rn×n, LowerTriUni(L), UpperTri(U) }
4 Partition A, L, U where . . .

2 { LT LUT L = AT L }
3 While size(AT L) < size(A) do

2,3 {( LT LUT L = AT L ) ∧ ( size(AT L) < size(A) )}

5a Repartition → where . . .

6 { LI-Before }
8 A01 := L−1

00 A01

A10 := A10U−1
00

A11 := LU(A11 − A10A01)

7 { LI-After }

5b Continue with ←

2 { LT LUT L = AT L }
endwhile

2,3 {( LT LUT L = AT L ) ∧ ¬ ( size(AT L) < size(A) )}
1b { LU = A }
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Extended worksheet

LU = A ⇒ ĽǓ = A+ ∆A

Operation Analysis Step

Partition Operands, Error Operands 4

where ...

{ Loop-Invariant } { Error-Invariant } 2

While G do 3

{ Loop-Invariant } { Error-Invariant } 2,3

Repartition Operands, Error Operands 5a

where ...

{ LI-Before } { Err-Before } 6

Updates Error Updates 8

{ LI-After } { Err-After } 7

Continue with ... 5b

{ Loop-Invariant } { Error-Invariant } 2

endwhile
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Example: Lx = b

Partition L→
„

LT L 0

LBL LBR

«
, x→

„
xT

xB

«
, b→

„
bT

bB

«
where LT L is 0× 0

While size(LT L) < size(L) do
Repartition„

LT L 0

LBL LBR

«
→

0B@L00 0 0

lT10 λ11 0
L20 l21 L22

1CA,

„
xT

xB

«
→

0@x0

χ1
x2

1A,

„
bT

bB

«
→

0@b0
β1
b2

1A
χ1 := (β1 − lT10x0)/λ11

Continue„
LT L 0

LBL LBR

«
←

0B@L00 0 0

lT10 λ11 0

L20 l21 L22

1CA,

„
xT

xB

«
←

0@x0
χ1

x2

1A,

„
bT

bB

«
←

0@b0
β1

b2

1A
endwhile

Questions

(L+ ∆L)x̌ = b ? (L + ∆L)x̌ = (b + δb) ?

|∆L| ≤ O(n)u|L| ?
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Continue„
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«
←

0B@L00 0 0

lT10 λ11 0

L20 l21 L22

1CA,

„
xT

xB

«
←

0@x0
χ1

x2

1A,

„
bT

bB

«
←

0@b0
β1

b2

1A
endwhile

Invariants?

Loop-invariant: LTLxT = bT

Error-invariant: (LTL + ∆LTL)x̌T = bT
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Extended worksheet: TRSV

Lx = b (L + ∆L)x̌ = b Step

Partition L→
„

LT L 0

LBL LBR

«
, x→

„
xT

xB

«
, b→

„
bT

bB

«
, ∆L→

„
∆LT L 0

∆LBL ∆LBR

«
4

where LT L, ∆LT L are 0× 0

{ (LT L + ∆LT L)x̌T = bT } 2

While size(LT L) < size(L) do 3

{ (LT L + ∆LT L)x̌T = bT } 2,3

Repartition

. . . ,

„
∆LT L 0

∆LBL ∆LBR

«
→

0B@∆L00 0 0

δlT10 δλ11 0
∆L20 δl21 ∆L22

1CA 5a

{ (L00 + ∆L00)x̌0 = b0 } 6

χ1 := (β1 − lT10x0)/λ11 Error Updates 8  
(L00 + ∆L00)x̌0 = b0“

lT10 + δlT10

”
x̌0 + (λ11 + δλ11) χ̌1 = β1

!ff
7

Continue with

. . . ,

„
∆LT L 0

∆LBL ∆LBR

«
←

0B@∆L00 0 0

δlT10 δλ11 0

∆L20 δl21 ∆L22

1CA 5b

{ (LT L + ∆LT L)x̌T = bT } 2

endwhile
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TRSV’s analysis

Current status: (L00 + ∆L00)x̌0 = b0

Computation: χ1 := (β1 − lT10x0)/λ11

After:
(

(L00 + ∆L00)x̌0 = b0(
lT10 + δlT10

)
x̌0 + (λ11 + δλ11) χ̌1 = β1

)

Sub-goal
Can the error generated by χ1 := (β1 − lT10x0)/λ11

be accumulated into δlT10 and δλ11?
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ν := (β − lTx)/λ, β, λ ∈ R, l, y ∈ Rn

Computational models

[χ op ψ] = (χ op ψ)(1 + ε), |ε| ≤ u, and op ∈ {+,−, ∗, /}

[χ op ψ] =
χ op ψ
1 + ε

, |ε| ≤ u, and op ∈ {+,−, ∗, /}

1: λν̌ = (β + δβ)− (l + δl)Tx

{
|δβ| ≤ γ2|β|
|δl| ≤ γn+2|l|

2: (λ+ δλ)ν̌ = β − (l + δl)Tx

{
|δλ| ≤ γ2|λ|
|δl| ≤ γn|l|

3: (λ+ δλ)ν̌ = (β+ δβ)− (l+ δl)Tx

 |δβ| ≤ γ1|β|
|δl| ≤ γn+1|l|
|δλ| ≤ γ1|λ|
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TRSV: result

Lx = b (L + ∆L)x̌ = b Step

Partition L, x, b, ∆L 4

{ (LT L + ∆LT L)x̌T = bT } 2

While size(LT L) < size(L) do 3

{ (LT L + ∆LT L)x̌T = bT } 2,3

Repartition 5a

χ1 := (β1 − lT10x0)/λ11
β1 =

“
lT10 + δlT10

”
x̌0 + (λ11 + δλ11) χ̌1

∧
˛̨`

δlT10 δλ11
´˛̨
≤ max(γ2, γk)

˛̨`
lT10 λ11

´˛̨ 8

Continue with 5b

{ (LT L + ∆LT L)x̌T = bT } 2

endwhile

On exit:

(LTL + ∆LTL)x̌T = bT ∧ size(LTL) = size(L) =⇒ (L+ ∆L)x̌ = b

|∆L| ≤ max(γ2, γn−1) |L|
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LU = A Crout variant

Partition A→
„

AT L AT R

ABL ABR

«
where AT L is 0× 0

While size(AT L) < size(A) do
Repartition„

AT L AT R

ABL ABR

«
→

0@A00 a01 A02

aT
10 α11 aT

12
A20 a21 A22

1A
α11 := α11 − aT

10a01

a21 := (a21 − A20a01)/α11

aT
12 := (aT

12 − aT
10A02)

Continue„
AT L AT R

ABL ABR

«
←

0@A00 a01 A02

aT
10 α11 aT

12
A20 a21 A22

1A
endwhile

Questions
ĽǓ = A+ ∆A ?
|∆A| ≤ O(n)u|Ľ||Ǔ |?
|∆A| ≤ O(n)u(|Ľ||Ǔ |+ |A|)?

Invariants
Loop-invariant:„
LT LUT L = AT L LT LUT R = AT R

LBLUT L = ABL

«

Error-invariant: 
ĽT LǓT L=AT L+∆AT L ĽT LǓT R=AT R+∆AT R

ĽBLǓT L=ABL+∆ABL

!
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Extended worksheet: Crout

8<:
0B@ Ľ00Ǔ00 = A00+∆A00 Ľ00ǔ01 = a01+δa01 Ľ00Ǔ02 = A02+∆A02

ľT10Ǔ00 = aT
10+δaT

10 �- �-

Ľ20Ǔ00 = A20+∆A02 �- �-

1CA
9=;

υ11 := α11 − lT10u01

uT
12 := aT

12 − lT10U02

l21 := (a21 − L20u01)/υ11

Error Updates8<:
0@ Ľ00Ǔ00 = A00+∆A00 Ľ00ǔ01 = a01+δa01 Ľ00Ǔ02 = A02+∆A02

ľT10Ǔ00 = aT
10+δaT

10 ľT10ǔ01 + υ̌11 = α11+δα11 ľT10Ǔ02 + ǔT
12 = aT

12+δaT
12

Ľ20Ǔ00 = A20+∆A20 Ľ20ǔ01 + ľ21υ̌11 = a21+δa21 �-

1A 9=;
Sub-goals

υ11 := α11 − lT10u01
?⇒ ľT10ǔ01 + υ̌11 = α11+δα11

uT
12 := aT

12 − lT10U02
?⇒ ľT10Ǔ02 + ǔT

12 = aT
12+δaT

12

l21 := (a21 − L20u01)/υ11
?⇒ Ľ20ǔ01 + ľ21υ̌11 = a21+δa21
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Crout

υ11 := α11 − lT10u01

l
T
10u01 + υ̌11 = α11 + δυ11, |δυ11| ≤ γk+1

“˛̨̨
l
T
10

˛̨̨
|u01|+ |υ̌11|

”
uT

12 := aT
12 − lT10U02

l
T
10U02 + ǔ

T
12 = a

T
12 + δu

T
12, |δuT

12| ≤ γk+1

“˛̨̨
l
T
10

˛̨̨
|U02|+

˛̨̨
ǔ

T
12

˛̨̨”
l21 := (a21 − L20u01)/υ11

L20u01 + υ11 ľ21 = a21 + δl21, |δl21| ≤ γk+1
`
|L20| |u01|+

˛̨
ľ21
˛̨
|υ11|

´
⇒

 
ĽT LǓT L=AT L+∆AT L ĽT LǓT R=AT R+∆AT R

ĽBLǓT L=ABL+∆ABL

!

⇒ ĽǓ = A+ ∆A, |∆A| ≤ γn|Ľ||Ǔ |
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Conclusions: blocked LU (sketch)

Target operation: LU = A

Algorithm: LU, TRSM(×2), GEMM;
Loop-invariant: „

LT LUT L = AT L LT LUT R = AT R

LBLUT L = ABL Ai
BR = ABR − LBLUT R

«

Goal oriented
Target analysis: ĽǓ = A+ ∆A
Target bounds: |∆A| ≤ γn|Ľ||Ǔ |, |∆A| ≤ γn

b +b(|Ľ||Ǔ |+ |A|)
Error-invariant: 

ĽT LǓT L = AT L + ∆AT L ĽT LǓT R = AT R + ∆AT R

ĽBLǓT L = ABL + ∆ABL Ǎi
BR = ABR − ĽBLǓT R + ∆Ai

BR

!
∧

˛̨̨̨
˛
 

∆AT L ∆AT R

∆ABL ∆Ai
BR

!̨̨̨̨
˛≤γ k

b
+b

 
|AT L|+ |ĽT L||ǓT L| |AT R|+ |ĽT L||ǓT R|
|AT L| + |ĽBL||ǓT L| |ABR|+ |ĽBL||ǓT R|

!
∧

size(AT L) = k × k
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Conclusions: blocked LU (sketch)

Modular
Composition of analyses

Subgoals:

Recursive LU11
?⇒ target11

TRSM12
?⇒ target12

TRSM21
?⇒ target21

GEMM22
?⇒ target22

Systematic
Prescribed sequence of steps

Sylvester? Undergraduate project
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