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Sylvester Equation: historical note oY

@ R.H. Bartels, G.W. Stewart. Solution of the matrix equation AX + XB = C
Communications of the ACM, 1972
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Sylvester Equation: historical note UNI

i

@ R.H. Bartels, G.W. Stewart. Solution of the matrix equation AX + XB = C
Communications of the ACM, 1972

@ B. Kagstrom, P. Poromaa. Distributed and shared memory block algorithms for

the triangular Sylvester equation [..] SIMAX, 1992
@ M. Marqués, R. Van de Geijn and V. Herndndez. Parallel algorithms for the
triangular Sylvester equation. 3rd SIAM Conference [..] 1993
@ B. Kagstrém, P. Poromaa. LAPACK-style algorithms and software for solving the
generalized Sylvester equation |[..] TOMS, 1996
@ |. Jonsson, B. Kagstrom. Recursive blocked algorithms [..]. Part I: one-sided and
coupled Sylvester [..] TOMS, 2002
@ R. Granat, B. Kagstrom, and P. Poromaa. Parallel ScaL APACK-style algorithms
for solving continuous-time Sylvester [..] EuroPar 2003
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Sylvester Equation: 2001 circa

@ FLAME project

@ E. Quintana-Orti, R. van de Geijn: 16 algorithms

unfERY

AX+XB=C

X =Q(A, B,C)

ey *TL | *TR
Partition x € {A, B,C} as ( ) where Agr,Brr,Cpr are0 x 0
*BL | *BR
While size(Crr) < size(C) do
Repartition
Coo|Co1|Co2 A 1A Ago|Ao1|Ao2
Crr]|Crr .| ATk T Ao A
= = — | C10]C1:|C12 |, = = — 10|A11]A12 |,...
BL|CBR BL|ABR
C20]C21|C22 Az0|A21]A22
Algorithm 1 coo Algorithm 16
C10:= C10—A12020 C10:= C10—A12C20 C11:= C11-C10Bo1
Cr0:= (A11, Boo, C10) C10:= ©2(A11, Boo, C10) Cpy:= Q(A11, B11,C11)
Ca1:= Cg1—-C20Bo1 Cy1:= C11-C10Bo1—-A412C21 | Co1:= Co1—CooBo1—~A01C11
Cay1:= Q(Ag2, B1y, C21) Cy1:= Q2(A11, B11,C11) Co1:= 2(Ago, B11>C10)
C11:= C11-A12C021-C109Bo1 [C12:= C12—C10Bo2—C11B12 | Ci2:= C12—C19Bo2—C11B12
C11:=Q(A11, B11, C11) Cigi= Cia—A12C29 Crg:= Q(A11, Bag, C12)
C12:= Q(A11, Bag, C12) Co2:= Cp2—A01C12
Continue
c Coo|Co1]Co2 A 1A Aoo]Ao1|Ao2
Crr]Crr | ATr
Toilcon ) C10]|C11|C12 |, o400 )" AiolAi1|A12 |,
C20|C21]|Ca2 Az0|A21|A22
endwhile
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FLAME notation

Partition
A7 | Arg
a5 ( 1L | ATR J
\ Apr, | Agg /
where Ar-, is empty
While Arp <> A
Repartition
Arr Ag o
{\ATL AiRJ% ("A;C) (A* Az ]}
BL £3R VB ||\, Aﬂ)/

unfERY

Continue with
( (Aoo A:A\ (Aoz\
/

A Arr
- ( Rz Az )}

end while
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Back to the 16 algorithms

Algorithm 1 " Algorithm 16
C10—A12020 C10:= C10—A12020 C11—-C10Bo1
2(A11, Boo» C10) Cr0:= 2(A11, Boo, C10) Q(A11, B11, C11)
C21—C20Bo1 C11:=C11—C10Bo1-412C21 Cp1—Co0Bo1-401C11
Q(Az2, B11,C21) C11:=Q(A11, B11, C11) Q(Agg, B11,C10)

C11—-A12C21-C19Bo1| Ci2:= C12—C10Bo2—C11B12 C12—C10Bo2—C11B12
Q(A11, B11,C11) C12:= C13—A12022 Q(Aq1, B22, C12)
C12:= Q(A11, Bag, C12) Co2:= Co2—A01C12

Good performance — TOMS submission
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Back to the 16 algorithms it RS

Algorithm 1 P Algorithm 16

C10:= C10—A12C20 0—A12C20 C11:= C11—C10Bo1

C10:= ©2(A11, Boo: C10) Q(A11, Boos C10) Cp1:= (A1, B11, C11)

C21:= C21—-C20Bo1 1—C10Bo1—A412C21| Co1:= Co1—CooBo1—401C11

Co1:= Q(A23, B11, C21) A11, B11,C11) Co1:= ©2(Ago; B11, C10)

C11:= C11—A12C21-C10Bo1 2—C10Bo2—C11B12| Ci2:= C12—C19Bo2—C11B12

C11:= Q(A11, B11, C11) 2—A12C22 C12:= Q(Aq11, Bag, C12)
A11, B22, C12) Co2:= Co2—A01C12

Good performance — TOMS submission

Problem: missing error analysis

@ Are they all numerically stable? (no!)
@ Recursive calls? k? stability analyses? hm...

o Initial Goal: (dissertation)
Systematic procedure from algorithm to stability?

Systematic = computer algebra system
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Detour: symbolic system

Automatic generation of algorithms

{A,L,U € R"*"
LowerTriUni(L),
UpperTri(U),
LU=A}

where A1y, is0 x 0

Repartition

Aot

" At | ATRr )
Partition A —
(ABL ABRr

While size(Arr) < size(A) do

A1

A
(ATL ATR)_) AOO
AprL|ABr A;E

=

A21

Aoz
Al
A2z

Aoy = Lyy Aot
Ajo = AloUo_Ol

Ay :=LU(A1; — A19Ap1)

Continue

Aoo|Ao1]Ao2

(::TL ;‘TR)H Aio|A11]A12

BLISBR Azp|Az1]| A2z
endwhile
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Not a detour afterall unifERRY

Stability analysis as a matrix operation

@ Operation: LU = A
Input: A
Goal: find algorithm(s) to compute L and U
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Not a detour afterall unifERRY

Stability analysis as a matrix operation

@ Operation: LU = A
Input: A
Goal: find algorithm(s) to compute L and U

@ Analysis: LU = A+ M
Input: A, LU
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Not a detour afterall unifERRY

Stability analysis as a matrix operation

@ Operation: LU = A
Input: A
Goal: find algorithm(s) to compute L and U

@ Analysis: LU = A+ M
Input: A, LU
Input: algorithm used to compute L and U
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Not a detour afterall unifERRY

Stability analysis as a matrix operation

@ Operation: LU = A
Input: A
Goal: find algorithm(s) to compute L and U

@ Analysis: LU = A+ M
Input: A, LU
Input: algorithm used to compute L and U
Goal: find algorithm(s) to “compute” A4
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Not a detour afterall unifERRY

Stability analysis as a matrix operation

@ Operation: LU = A
Input: A
Goal: find algorithm(s) to compute L and U

@ Analysis: LU = A+ M
Input: A, LU
Input: algorithm used to compute L and U
Goal: find algorithm(s) to “compute” A4
Goal: find bounds for || Ad]| or |A4]

v

The methodology for generating algorithms can be

used for studying their numerical properties too. oD
A
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e Formal Derivation Techniques
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Definition: loop-invariant

Example: Sorting

Sort( v = {zg,21,%2,23,...,Zn} )
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Definition: loop-invariant

Example: Sorting

Sort( v = {zg,21,%2,23,...,Zn} )

Algorithm: selection sort
for i=0:n,
swap( min(v(i:n)), v(i) );
endfor
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Definition: loop-invariant

Example: Sorting

Sort( v = {zg,21,%2,23,...,Zn} )

Algorithm: selection sort
for i=0:n,
swap( min(v(i:n)), v(i) );
endfor

After i-th iteration:

{Uo,’Ul, vy Ug l Vi+1,Vi+2, . -« ,’Un}

vr, = sorted YR = to sort
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Definition: loop-invariant

Example: Sorting

Sort( v = {zg,21,%2,23,...,Zn} )

Algorithm: selection sort
for i=0:n,
swap( min(v(i:n)), v(i) );
endfor

After i-th iteration:

{Uo,’Ul, vy Ug | Vi+1,Vi+2, . -« ,’Un}

vr, = sorted YR = to sort

Loop Invariant: v ={ v |vg } A sorted(vr)
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Example: LU factorization

. Arr | Arr
Matrix Partition A — <A_BL|A_BR>

A - where A1y, is0 x 0
Igorithms While size(Arr) < size(A) do
Volume I: Basic Decompositions Repartition
o Ap A Aoo|Ao1|Ao2
ke ok rr|Arr
S : Az0]A21|A22
Ao1 = Ly Aot

Ay = AloUo_o1
A1y :=LU(A1; — A19A01)

Continue
(- A A Apo|Ao1]|Ao2
(A_TLH)H Aol AL A
BLICBR Azo|A21]| A2z

s G. W.
tewart endwhile
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Example: LU factorization onitERIRY

Matrix DONE
Algorithms

VYolume I: Basic Decompositions

Stewart
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Example: LU factorization ot B

Matrix TRSM
Algorithms

T TRsM|GEMM
i LU

Stewart
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Example: LU factorization onitERIRY

Matrix
Algorithms

VYolume I: Basic Decompositions

DONE

Stewart
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Example: LU factorization oY

Matrix
Algorithms

Volume I: Basic Decompositions

Loop-Invariant = ?

Stewart
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Example: LU factorization

Partitioned Matrix Expression (PME)

Matrix
Algorithms
Volume I: Basic Decompositions PME(LU — A)
& LriUrp = Aty Urr = L7 Arr
| _ LrUpr =
. L — A 1 BrRUBR
N B BL 5LUrs Apr — LpLUrgr
Stewart
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Example: LU factorization oY

Matrix
Algorithms
Vokame I:Basic Decompositions Loop-Invariant
[ Ly Urp = A1
- |
Stewart
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Example: LU factorization

o Arr ATk
Matrix Partition A — (A_Ble>

5 where A1z, is0 x 0
Algorithms

While size(Arr) < size(A) do
Volume I: Basic Decompositions

Repartition
o Arp | Arn Aoo|Ao1|Ao2
- € e ) Bl e
3 ‘ Az0]|A21|A22

N A1 = LU(A1; — A19Ao01)
| A1z = (A2 — AsgAg1)UL"
Aoy = L;ll (A12 — A10A02)

| Continue
o Arr|Arn Aoo|Ao1|Ao2
i (—|—ABL ABR)“ Aol A [ A
R Asg|A21|A22
Stewart endwhile
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Example: LU factorization onitERIRY

Matrix DONE DONE
Algorithms

VYolume I: Basic Decompositions

DONE

Stewart
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Example: LU factorization ot B

Matrix
Algorithms

S GEMM GEMM
N LU TRSM

| GEMM
- E TRSM

Stewart
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Example: LU factorization onitERIRY

Matrix
Algorithms
Yolume I: Basic Decompositions D O N E D O N E
DONE
Stewart
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Example: LU factorization

Partitioned Matrix Expression (PME)

Matrix
Algorithms
Volume I: Basic Decompositions PME(LU — A)
& LriUrp = Aty Urr = L7 Arr
| _ LrUpr =
. L — A 1 BrRUBR
N B BL 5LUrs Apr — LpLUrgr
Stewart
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Example: LU factorization oY

Matrix
Algorithms
Vokame I:Basic Decompositions Loop-Invariant
- LriUrr, = Arp, Urr = L7 Arr
— Lpr = Ap Uz}
o\
Stewart
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e Worksheet
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Annotated algorithm — Worksheet

. Arrp | Argr )
Partition A
- (ABL ABR

where Arr is0 x 0
While size(Arr) < size(A) do

Repartition
5 Aoo

Aop1|Ao2

Ai11|Ai12

(ATL |ATR )*) =
ApL|ABR A;z

A21|A22

)

Apy = L0_01A01
Ao = A10Ug"
A1 := LU(A11 — A10401)

CZI:TUETR Aoo|Ao1]Ao2

(A—IA—><— Ai1o|A11]A12

| e Az[Az1[Az2
endwhile

)

Paolo Bientinesi (AICES, RWTH Aachen)

[ step || |
la { Precondition }
4 Partition . where...
2 { Loop-Inv }
3 While G do
2,3 {( Loop-Inv )/\( G )}
ba Repartition where ...
6 { LI-Before }
8 Updates
7 { LI-After }
5b Continue with ...
2 { Loop-Inv }
endwhile
2,3 {( Loop-Inv )/\“( G )}
1b { Postcondition }

Modular Stability Analysys

May 9-12, 2010
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Worksheet: LU

l Step H LU ‘
la { A,L,U € R"™*", LowerTriUni(L), UpperTri(U) }
4 Partition A, L,U where...
2 { LrpUrp = Arp }
3 While size(Arr) < size(A) do
2,3 {( LrUrr = A7y )/\ ( size(Arr) < size(A) )}
ba Repartition — where ...
6 { LI-Before }
8 A01 = LaOIA()l
Ao := A1oUgy"
Ay = LU(A11 — A10401)
7 { LI-After }
5b Continue with —
2 { LroUrL = Arr }
endwhile
2,3 {( LrpUrp = Ay, )/\_|( size(ATL)<size(A) )}
1b {Luv=4} [A]I]
=E8
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Extended worksheet

LU =A

unfERY

= LU=A4+M

l Operation

Analysis H Step ‘

Partition Operands, Error Operands 4
where
{ Loop-Invariant } { Error-Invariant } 2
While G do 3
{ Loop-Invariant } { Error-Invariant } 2,3
Repartition Operands, Error Operands ba
where
{ LI-Before } { Err-Before } 6
Updates ‘ Error Updates 8
{ LI-After } { Err-After } 7
Continue with 5b
{ Loop-Invariant } { Error-Invariant } 2
endwhile

Paolo Bientinesi (AICES, RWTH Aachen)
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© Analyses
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Example: Lz =b

unfERY

Partition L— <LTL 0 ), T— (x—T),
LpriLsr B
where Lrpis0x 0
While size(Lrr) < size(L) do
Repartition

Lool O | O
(LTL )| 7% o] 0 ‘
Lpr|Lsr 10 | 211 ’

Lao| l21 |La22

x1 = (B1 — {pzo)/A11

Continue
i 0 Loo| O 0
o —| o daf 0 |
Ler|Ler
Lao|l21 | L22
endwhile

Paolo Bientinesi (AICES, RWTH Aachen)

@ (L+AL)E=0b7
@ |AL| < O(n)ulL| ?

(L + N)z = (b+ &) ?

Modular Stability Analysys

May 9-12, 2010

(A]]
Ccle]s]

17/27



Example: Lz =b

unfERY

Repartition

(LTL 0
Lpr|Lsr

>ﬁ

aae LTL 0 xrT bT
Partition L— <L_m|m)’ z— (;), b— (E)

where L1 is0 x 0
While size(Lrr) < size(L) do

LOO 0 0 xo bg
= T =z br =2
Uo M| 0 [ {55)~\xa ) (55) | A
Lao| l21 |La22 T2 b

x1 = (B1 — l1pm0)/A11

Continue

L 0 0
LTL 0 7(20 TT ﬂ bT gfo
Tocller) Lol 0 f, 75) \&=)\55) " | =
Lag|l21 | L22 z2 b2

endwhile

Paolo Bientinesi (AICES, RWTH Aachen)

@ Loop-invariant:

@ Error-invariant:

Lrrxr =br
(Lrr + ALpp)dér = by

Modular Stability Analysys

May 9-12, 2010
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Extended worksheet: TRSV

i

UNI

lLI:b (L+A)T =0 H Step‘

" Lrr] 0 T br Arr| O
Partition L—»(LBL LBR>)‘T_)(E>’ b—»(g) s AL—><ALBL ALBR) 4
where Ly, ALpp are 0 X 0
{ (Lrr + Arr)ér =br } 2
While size(Lrr) < size(L) do 3
{ (Lrr + Mrr)ér =br } 2,3
Repartition
(ﬁIL)_, ‘;L;m &0 2 5a
c00g 11
MBL MBR N}QOO &21 &22
{ (Loo + ALoo)do = bo } 6
x1:= (81 — l?owo)/ku ‘ Error Updates 8
(Loo + Aoo)Zo = bo
{ ( (l?o'f‘d%) &0 + (A1 + Ni1) X1 = b1 )} 7
Continue with
ALgo| 0 0
o (=) | au] 5b
ALgo|d21|ALao
{ (Lrr + Arp)ir =br } 2
endwhile on
cle]s]
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TRSV’s analysis unif R

Current status: (Loo + ALgo)do = bo
Computation: x1 = (81 — l{pzo) /A1

After:

( (Loo + ALgo)Eo = bo >
(1o + aTy) &0 + (M1 + A1) X1 = B

Sub-goal

Can the error generated by  x: := (81 — 1%20) /21
be accumulated into 4%, and &\, ?

All]
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)/, BAER, LyeR" unfEERY

Computational models

© [xopy]=(xop¢)(1+e€), lef<u, and op €{+ - */}

o [xopu]= XL, <, and op € {4, /)
N\ || < 7210]
T Aw=0B+8)-(1+d)"z { 18] < o salll
. . || < 72|
22 A+ =8-(1+d)Tx { 18] < ]
|B| < 78]
8 (A48 = (B+ ) — (1+8)Tz { (8] < Yol
|A] < 71 |A]
an
c[e]s]
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)/, BAER, LyeR" unfEERY

Computational models

© [xopy]=(xop¢)(1+e€), lef<u, and op €{+ - */}

o [xopu] = X2Y <, and op € {+,—%/}
10 A= _ 7 |B] < 2|8
A =(B+8) - (1 +8)7e { 18] < Ysell
5 % @ T || < 42|\
2: A+ N =8-(1+0)Tx { & <l
|3 < 7|0
3 A+ =(B+8B)—(+a) Tz 0] < yntall]
|| < 71|l
AL
Clels)
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TRSV: result oY

| Lz =b (L+ Az =0b | step |
Partition L, z,b, AL 4
{ (Lrr + Arp)ir =br } 2
While size(Lpr) < size(L) do 3
{ (Lrr + Arp)ir =br } 2,3
Repartition Ba
= (1T, 4+ a%)) &0 + (A1 + A1) X
X1 = (81 — lToxo)/A11 ‘ A ( o 10) Zo + (A1 1) X1 8
A (8] A1 )] < max(ya, i) | (o] M1 )|
Continue with 5b
{ (Lrr + Arp)ir =br } 2
endwhile
On exit:

® (Lyp+ALyp)dr =br A size(Lrr) = size(L) = (L+AL)Z=1b
0 |AL| < max(y2,Yn—1) | L|

All]
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LU = A Crout variant

" Aty | ATr )
Partition A
- <ABL ABR

where Ary, is 0 X 0 @ LU=A+M?7?
While size(Arr) < size(A) do ° |AA| < O(n)u\LHUP
Repartition >

Ago]ao A02> || < O(n)u(|L||U| + |A))?

(ATL Arr\ PR P
Apr|ABr 10 JX¥11/@3

Azolazi [A22

P— Invariants

a21 = (a21 — Azoa01)/ o1z @ Loop-invariant:
a1T2 = (a‘?Z_aTUAO?) ( LrpUrrp = A1t I LrrUrr = Arr )
Continue LprUrr = Apr |

@ Error-invariant:
Ly Urp=Ar +Mrp | Ly Urp=Arp+Mrpr
LBLUTL:ABL"FMBLI

Aoo|ao1 Aoz)

Arr|Arr
(ABLlABR | edofoarfal

Azo|az1 | A2z
endwhile

v

All]
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unfERY

Extended worksheet: Cro

LooUoo = Aoo+Moo | Lootior = ao1+d&or | LooUo2 = Ag2+Moz
i?UUOO = a?0+5a1T0 -- --
LaoUgo = Azo+2Mo2 == __

T
v11 = a11 — ljguo1
T T T
Uiy 1= ajy — l1Uo2 Error Updates

l21 := (a21 — Laguo1)/v11

LooUoo = Ao+ Moo Lootior = ao1+&o1 LooUoz = Aoz +Mo2
[T U0 = aly+aly [Totior 4+ D11 = o114y 10002 + 4]y = alp+87,
LaoUoo = Azo+Moo | Laotior + l21911 = az1+&a ==

Sub-goals

2 iT ~ -

o V11 = Q11 — l’fo’u,(n = llouol + 011 = a11+dvin
T T 2 7T 779 -T _ T 7

@ ui, = aj, — Vo2 = l10Uo2 + i1y = ajp+dg,

7 = .
Q@ I3 := (a21 — Laouo1)/vi1 = Laotor + l21011 = a1 +dia1
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Crout unit R

Q iy = — lfoum
lfoum + 011 = 11 + w11, [w11] < Vg1 <|11T0‘ |wor | + |1711\)

T ._ T T
° uyp = ajg — lpUo2

l1T0U02 + ﬂfz = ‘11T2 + &‘?21 |&sz| < Ye41 (’l?()‘ |Uoz2| + )ﬁfz‘)
Q@ I3 := (a21 — Laouo1)/vi1
Laouo1 + vitle1 = a1 + da1, [&21] < Yet1 (IL20] luor| + |l21] v11])

N LrpUrp=Ari+Mrp | LrrUrr=Arr+Mrr
Lpr UTL=ABL+AABLI

= LU=A+M, |M|<y|L|U]|
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Conclusions: blocked LU (sketch)

@ Target operation: LU = A
@ Algorithm: LU, TRSM(x2), GEMNM;
@ Loop-invariant:

< Ly Urp = Arg | LrrUrr = ATr >
LerUrrp = Apr | Abg = Asr — LerUrr

All]
=88
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Conclusions: blocked LU (sketch)

@ Target operation: LU = A
@ Algorithm: LU, TRSM(x2), GEMNM;
@ Loop-invariant:

( Ly Urp = Arg | LrrUrr = ATr >
LerUrrp = Apr | Abg = Asr — LerUrr

Goal oriented

@ Target analysis: LU = A+ M
o Target bounds: | M| < 7,|LI|U], || < vp(ILI[T] + |4])
@ Error-invariant:

Ly Urp = Arp + My | Ly Urg = Arp + Mo
LprUrr = Apr + Mp1 I Abp =Apr — LprUrr + My,

Mrp | Mrg <~ |Arp| + |Lrol|Urr| | |Arr| + |Lro||Urg|
3 <7k = = - =
Mpr | MBg 2\ |Arr| + |LeL||UrL| I |[Apr|+ |LeL||Urr|

size(Arr) =k X k

V.
C[E[S]
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Conclusions: blocked LU (sketch)

Composition of analyses

Subgoals:
@ Recursive LUy; :?>target11
@ TRSM;, = targetis
@ TRSMy; = targety,
@ GEMMyo =Y targetss

Systematic

Prescribed sequence of steps

Sylvester? Undergraduate project

All]
=88
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